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Preface

These lecture notes introduce a collection of techniques for the analy-
sis of nonlinear control systems rooted in the theory of formal power
series and their associated combinatorial algebras. The origins of the
formal power series methods in control theory begin with the work
R. E. Kalman in the 1960s, primarily in connection with the par-
tial realization problem for linear systems. Parallel developments by
M. P. Schiitzenberger in automata theory and the remarkable discover-
ies of K.-T. Chen in the 1950s concerning the algebra of iterated path
integrals subsequently led M. Fliess in the 1970s to introduce what is
now called a Chen-Fliess series or Fliess operator. The underlying for-
mal power series which generates such an operator provides an elegant
and compact way to represent the input-output map of a control affine
nonlinear system. As these generating series are indexed by words over
a noncommutative alphabet, there is a natural link between nonlinear
control theory and the combinatorics of words, a mature and beauti-
ful field going back to seminal papers of A. Thue at the start of the
twentieth century.

Following the initial work of Fliess, the area grew rapidly with
important contributions by P. E. Crouch, G. Duchamp, A. Ferfera,
R. L. Grossman, C. Hespel, V. Hoang Ngoc Minh, A. Isidori, G. Ja-
cob, B. Jakubczyk, M. Kawski, D. Krob, M. Lamnabhi, F. Lamnabhi-
Lagarrigue, R. G. Larson, P. Lemux, N. E. Oussous, M. Petitot,
C. Reutenauer, F. Rotella, W. J. Rugh, E. D. Sontag, H. J. Sussmann,
X. G. Viennot, and Y. Wang. The work of A. Ferfera was especially
valuable for understanding how to describe interconnected nonlinear
systems using Chen-Fliess series. More recently, the author, in col-
laboration with L. A. Duffaut Espinosa and K. Ebrahimi-Fard, has
built on the work of Ferfera to show that there are combinatorial Hopf
algebras underlying the feedback structures appearing in control the-
ory. They are useful for doing explicit calculations. This approach was
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v Preface

largely inspired by analogous combinatorial algebras appearing in work
of A. Connes, D. Kreimer, and H. Moscovici in quantum field theory
and in J. C. Butcher’s approach to numerical integration. One of the
goals of these notes is to introduce the reader to some of these more
recent developments. Finally, it should be stated that these notes are
simply an introduction to the subject from one researcher’s perspec-
tive. A more encyclopedic treatment of this topic is well beyond the
scope of this project.

It is generally assumed that the reader has had an introduction to
linear system theory, say at the level of Kailath’s Linear Systems, and
some exposure to elementary topics in real analysis, abstract algebra,
and differential geometry. But otherwise, the treatment of the subject
is from first principles and is as self-contained as possible. The ma-
terial is organized as follows. The first chapter is an overview of the
central topics that appear in later chapters. It is written in a more
casual style and meant to motivate the formal power series approach
to system theory while staying mainly in a linear system setting. It is
designed to be largely independent of the other chapters so that a more
experienced reader can start directly with Chapter 2 with little loss of
continuity. The rest of the book follows a more systematic theorem-
proof format. Chapter 2 introduces some elementary background and
tools concerning formal power series. Chapter 3 then addresses the
analysis of nonlinear input-output systems and their interconnections
from a formal power series perspective. Chapters 4 and 5 introduce the
notions of rational series and Lie series, respectively, which are then
applied in Chapter 6 to develop the theory for state space realiza-
tions of nonlinear input-output systems. The last chapter introduces
a collection of special topics and applications reflecting, of course, the
author’s interests and experience with the subject.

W. S. Gray
June 2021
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1. Introduction

This chapter introduces some elementary concepts concerning real an-
alytic functions, formal functions, linear integral operators, and linear
state space realizations. The primary goal is to motivate the more gen-
eral treatment of these topics in subsequent chapters. From a system
theory point of view, real analytic functions provide a convenient class
of input and output signals. They can also be used to describe various
types of analytic systems. A formal function is a type of generalized
function which is sometimes more convenient for algebraic analysis
than a traditional function. Integral operators, linear or otherwise, de-
scribe a category of input-output systems frequently encountered in
applications. Starting with the linear case provides a familiar setting
in which to get oriented. Operators which have a finite dimensional lin-
ear time-invariant state space realization are of particular importance
as they are computationally convenient and ubiquitous in systems and
control theory.

1.1 Real Analytic Functions

A function v : U C R — R is said to be real analytic at a point ty € U,
if it can be represented in terms of a convergent power series

uty = 3 efny 10" (1.1)

|
n—0 n:

on an interval (tg — T,to + T) C U, where c is a sequence of real
numbers, and T is either a positive real number or T" = +oc. The
largest such T for which the series (1.1) converges is referred to as
the radius of convergence of u at tg. When T = +o0, u is said to be
entire. The function w is real analytic on an interval (a,b) C U if it
is real analytic at every point ty € (a,b). In this case, the radius of
convergence may vary as a function of ¢y.
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2 1. Introduction

One can extend the definition of u to a mapping on the complex
plane, C, by letting

= z—1to)"
u(z) =" c(n)(mo) (1.2)

n=0
on the largest open disk Dy = {z € C : |z — 9| < T'} for which the
series converges. The function is then analytic at ¢y in the sense of
complex variables, that is, the derivative of u exists not only at £y but
at every point in some neighborhood of ¢ty in the complex plane. In
fact, all the higher order derivatives of u are well defined in such a
neighborhood. The Cauchy integral formula says in this case that the
n-th derivative of u at ty can be computed as

gy~ 7{ _ou(z)
u(to) 2 Jo (2 — to)nt! 4z,

where C is a closed contour lying within Dy and encircling the point
to, for example, all z satisfying |z — to| = T’ < T. Since u is analytic
on and within the region Dy = {z € C: |z — to| < T'}, the real-valued
function u(z) is continuous on this closed and bounded region. Hence,
there exists a nonnegative real number K satisfying

K = max|u(z)|.
s fu(2)]

Setting z(t) = to + T"e' on [0,27] and applying the identity

27
ffww= ()2 (1) dt
C 0
gives

e(m)] = [u™) to))

n! u(2)
j{C (2 — o)t dz

2T
27 / it
t T'e? )
/ ulto + T'¢") )z‘T'e”dt‘
0

n!
o (Teit)n+1

n! K Qﬂd
<2 = [
T2 (T /0

= KM"n!, Vn >0, (1.3)
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1.1 Real Analytic Functions 3

where M :=1/T". This means then that the coefficients of an analytic
function can only grow in modulus at a certain maximum rate as n
increases. A sequence like ¢(n) = (n!)?, for example, can never define
an analytic function. The inequality (1.3) is called a Cauchy growth
condition and the real numbers K and M are growth constants for the
sequence c. They are not necessarily unique unless one considers the
smallest possible growth constants. Normally, M will be referred to
as a geometric growth constant for c. If some estimate M’ is available
a priori for a given sequence ¢ then a lower bound on the radius of
convergence for series (1.2) can be computed using the fact that

u(z)] < 3 Je(m) G0
n=0

n!

<Y KM |z —to])"

n=0
That is, the series converges at least for all z € C such that M’ |z — tg| <
1, or equivalently, when

|z —to] < 1/M' < T.

Conversely, if u is analytic at the origin with the nearest singularity
being 2’ # 0, then for any € > 0 there exists N € Ny := {0,1,2,...}
such that

1
le(n)| < < —|—e> n!, n> N.

E4
In which case, one can always find a constant K > 1 such that
1
le(n)] < K m—l—e nl, n>0.
z

It is not difficult to show that 1/ 2’| is in fact the smallest possible
geometric growth constant for c. Finally, if it is known that c satisfies
the more restrictive growth condition

le(n)| < KM"™, Vn >0 (1.4)

then clearly
lu(z)| < KeMl=tl v, e,

implying that u is entire. Analogous statements can be made for the
real analytic series (1.1) by restricting z to the real number line.
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4 1. Introduction

A power series representation of a real analytic function is unique
in a local sense. Suppose there exists two series representations of u at
to, namely,

at) = 3 e(mytE=10)"

and
Zd t—to

with radii of convergence T, and T}, respectively. Since u is continuous
at to (see Problem 1.1.3), it follows that

o0

. L (t —to)" _
tllgt u(t) = tllglo > c(n)T = ¢(0)
lim u(t) = lim d(n)w = d(0),
t—to t—to £ n!

and thus, ¢(0) = d(0). A similar argument can be made for the function

() M) = €0) _ u(®) = d(0)

t—to t—to

to show that ¢(1) = d(1), and so on. In addition, since ¢(n) = d(n)
for all n > 0, it follows immediately that 7, = Ty =: T. Thus, if
there exists a power series representation of u at tg, it is unique. It
is also easily shown that if t; € R such that [t; — o] < T then the
series representation of u can be re-centered about t1. That is, u can
be written as

Zb L |t =t < T —|t1 —tol,
where each b(n) is given by an absolutely convergent series

Tozfidn+maigmﬁjnzo (1.5)
k=0 ’

(see Problem 1.1.4). So once a power series representation of u is iden-
tified at one point, any other power series representation at another
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1.1 Real Analytic Functions 5

point within the radius of convergence can be explicitly computed us-
ing equation (1.5). Modulo this type of transformation, it makes sense
to speak of the coefficients of u in a neighborhood of .

A fundamental idea throughout this book is that within the ra-
dius of convergence, the series coefficients of u completely characterize
the function u. Therefore, operating on the coefficients in some man-
ner produces a corresponding transformation of the function and vice
versa. Consider the following examples.

Example 1.1 As discussed earlier, if u is real analytic at tg, then it
is differentiable on a neighborhood of ¢3. Observe that

/ o (t —1 )n_l
u(t)y =Y c(n)?ol)!

n=1
)

= Z c(n + 1)(tnf0)"
n=0

::Zd(n)(t_nfoyl, t—to] < T (1.6)
n=0 ’

(see Problem 1.1.5). Therefore, the left-shift mapping between two
sequences
zl:cd, (1.7)

where d(n) = ¢(n+ 1), n > 0 corresponds to mapping u to u'. 0

Example 1.2 Consider taking the square of u. Clearly,

o0 _ n 0 o k
u2<t>:zoc<n>“ ) kz_()(:(k)(t )
2/ ¢(0) e(n c(l)e(n—1
(e
CE;L)CE)(‘))> (t—t )n
=3 )" n?)n, it — to] < T
n=0 ’

Thus, the mapping between sequences
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6 1. Introduction

() :crd,

where d(n) := Y7o (7)c(k)c(n — k), n > 0 corresponds to mapping u
to u?. 0

When u has coefficients which satisfy (1.4), u is entire, and its right-
sided Laplace transform is well defined (cf. Problem 1.1.6). Specifically,

Llul(s) = /0 T u(t)e dt
= >t —st
= Z c(n) /0 e dt

n=0
=Y el (15)
n=0
provided Re(s) > 0. In which case,

[ Llul(s)] < K [s71 (M |sH])"
n=0
_ KT
11— M|s

whenever }8*1‘ < 1/M =: S. The Laplace transform of u, when written
as a power series in s~!, is described by the same sequence, ¢, as is
its counterpart u in (1.1) modulo the factors 1/n! and the extra factor
of s7! corresponding to a right-shift of c. It is often convenient to
introduce an abstract symbol, z, and to write the sequence c as a

formal power series
o

c= Z c(n) z".
n=0
The word formal in this case refers to the fact no actual summation
of the series terms is considered, so convergence is not an issue. In
this context, no notational distinction is usually made between the
sequence ¢ and the series c. The mapping

Ly tursc,

assuming ty = 0 in equation (1.1), is called the formal Laplace trans-
form (see Table 1.1 and Problem 1.1.7). It is well defined whether or
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1.1 Real Analytic Functions 7

Table 1.1. The formal Laplace transform of some common functions.

ut) t>0 | 21l |
t* /Kl k>0 zk
the® JE) k> 0,a#0 o (";rk) az"tk
sin(bt) S (—1)rpPrtt gt
cos(bt) S0 (=) 2
sinh(bt) oo b gt
cosh(bt) o bt

not the series (1.8) converges for any value of s~!. But when it does,
then clearly

Lul(s) = = Zyu]| -
everywhere in the region of convergence for £[u] where the series

converges and where Re(s) > 0.
One approach to characterizing the radius of convergence of (1.8)
involves forming the Hankel matriz of ¢, namely,

In the event that H. has finite rank n > 0, it follows that the first n+41
columns of the matrix must be linearly dependent. That is, there exists
a polynomial ¢ = ), G(0)z* with at least one coefficient §(£) # 0
such that

4(0)
c(0) (1) ¢(n) )
c(1) ¢(2) c(n+1) --- i
o2) e3) o cn+2) | |00 =0
. S 0

or equivalently,
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8 1. Introduction

n

> ek +0)§(l) =0, k=>0. (1.9)
=0
Exploiting the Hankel structure, it is possible to show more specifically
that the first n columns of H,. are linearly independent, and thus,
G(n) # 0 (see Problem 1.1.8). Now let ¢ be the polynomial derived from
¢ by simply reversing the order of its coefficients, i.e., q(i) = ¢(n — i),
i=0,1,...,n. Observe that

cq=>Y_ Y c(i)q(j)a""

i=0 j=0

=3 i = el

i=0 j=0

=> (i)'
i=0
=7, (1.10)

assuming that ¢(i) = 0 when i < 0 and defining

p(i) =Y cli— j)as)
§=0
= cli = j)a(n — j).
j=0

Note that equation (1.9) implies for k£ > 0 that

Pt k) =3 e(n+k - )in - j)
j=0
=3 elk+0)4(0)
(=0
=0.

Thus, p can be viewed as the image of ¢ under an augmented Hankel
matrix, namely,
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1.1 Real Analytic Functions 9

0 0 c(0) 1. oo ]
i(0) (0

oY ‘W ) p(1)

6 c 0 c(n—1)

]
S~—
(o)
—~~ A~ |
—
S N N | N
o
[ .
S
S—
=
o O 3
N—
Il
!
—
S
|
—_
~—

)
~
o

O
e
—_
~—
O

(1.11)
In which case, p = cq is a polynomial in x of at most degree n — 1.
One could formally write then that ¢ = pg~!, where ¢~ ! is understood
to be a formal power series with the property ¢ '¢ = g¢~! = 1. In
this situation, c is called a rational series. Readers familiar with linear
system theory will recognize this as the formal counterpart to the re-
lationship between a rational transfer function and the system Hankel
matrix constructed from the series coefficients (Markov parameters) of
the transfer function when written as a power series in the variable s—1.
But in the present context, the corresponding Laplace transform of u is
a rational function in s~!. Specifically, Z[u](s) = s *N(s71)/D(s7}),
where

N(s7") = playsr, deg(N)<n—1 (1.12)
D(s7") = qloss1, deg(D) <n. (1.13)

It can be shown that N and D have no common roots as polyno-
mials in s~!, that is, the rational function N/D is irreducible (see
Problem 1.1.9). Therefore, the radius of convergence of the series rep-
resentation of Z[u| at the origin is S = min; |\;|, where )\; is the i-th
root of the polynomial D. When this analysis is combined with the
requirement that Re(s) > 0, which holds if and only if Re(s™!) > 0,
the resulting region of convergence is shown in Figure 1.1.

Example 1.3 If c = ",, 2" 12" then the corresponding Hankel ma-
trix is -

0 1 4
1 2 8
2 4

0 = N

%C: 6 oo )

—_

which clearly has rank two. Thus, there exists polynomials p and ¢
such that ¢ = pg~! with deg(p) < 1 and deg(q) < 2. From (1.11),
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10 1. Introduction

Fig. 1.1. The region of convergence for the series representation of .Z[u].

observe that

000 1 07 o1
001 2 ~2 .
01 2 4 1 R
124 8 0=,
2 4 8 16 0 '

Therefore, § = 22 — 2z or ¢ = 1 — 22 and p = z. To confirm this
calculation, note that

o

[ee]
R R id_ i—1
c=pq —1_23:—561232 —;2 .

The Laplace transform of the corresponding input

oo

u(t):Z?’l’i:%(e?t—l), t>0

7!
i=1

is
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5—2

f[u](s) = 871 221:71871' = m
=1

The radius of convergence for the infinite sum is clearly defined by
’25‘1‘ <lor ‘5_1’ < 1/2. This corresponds to the location of the pole
of D(s7!) =1 —2s7! at s7! = 1/2. Of course in system theory it is
more customary to write rational functions in terms of s rather than
571, but the latter is actually more natural when doing series analysis.

O

The notion of real analyticity can be extended to multivariable
functions in the following manner. A function f : U € RF — Rf is
said to be real analytic at a point z9 = (21,0, ..., 2k0) € R if it has a
convergent power series representation

ad ni _ Nk
<1~ 210 2k — Zk,0
f(zl7"'azk): Z C(nl,...,nk)( ‘ ) ( ' )
ni: ng!
ni,...,n=0
on some open neighborhood V' C U of zy, where each ¢(ny,...,ng) €

R’. Extending the setup to the complex variable setting and apply-
ing the corresponding version of the Cauchy integral formula gives an
expression for the coefficients

c(ny,...,ng)
ooyl 1

_m nkj{ H...?{ f(zl’—’z’“lldzk---dzl,
@2ri) Jo, (21— 210)™ o, (26 — 2k,0)"*

where each integral is defined componentwise, n := ny + ng- -+ + ng,
and |z; — 20| < R; for i =1,2,..., k. Define the growth constants

K =max max |[f(z1,...,2k)]
7 ‘Zi—Zi70‘<Ri
1
M — —
7 R;
assuming |y| := max{|yi1|,..., |ye|}. Then it follows directly that
< KM™nl (1.16)
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12 1. Introduction

with M := max;<;<; M; and using the multinomial coefficients prop-

erty
| n!
(n1,n2, .. .,nk). = m Z 1.
Clearly, the inequality (1.14) is the multivariable extension of the
Cauchy growth condition (1.3). Sometimes in calculations, however,

it is easier to use the more generous upper bounds (1.15) or (1.16).

1.2 Formal Functions

A function f: U C R™ — R’ is said to be smooth at a point zg € U if
its partial derivatives

9" f(2)

6,21‘1 8zz~2 e 62% 2=20

are well defined for every i; € {1,...,m}, k = 1,2,.... The set of
all such functions will be denoted by C*(zp). Two functions f,g €
C>(zp) will be called ~4 equivalent if there exists an open neighbor-
hood Uy of zy in the domain of each function such that f = g on Up.!
It is easily verified that this is an equivalence relation on C*°(zg). The
quotient set, that is, the set of all equivalence classes, is represented

by €% (z0)/~y-
Definition 1.1 A germ at zy is an equivalence class in C™(zg)/ ~q.

Two functions in f,g € C*(zy) will be called ~; equivalent when

0" f(2) 9%g(2)

azilaziz e 82% 2=20 8z¢1 321'2 e 8sz 2=20

for all i; € {1,...,m}, k = 0,1,.... It is equally straightforward to
show that ~; also defines an equivalence relation on C*°(2y), and the
corresponding quotient set is denoted by C*°(zg)/~;.

Definition 1.2 An infinite jet at zo is an equivalence class in
O (20)/~j-

Clearly f ~, g implies that f ~; g, but the following example
illustrates that the converse of this implication is false.

! The reader may want to review the material in Appendix Section A.2
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1.2 Formal Functions 13

Example 1.4 Consider the functions f(z) =0 for all z € R and

—1/2% 0
g(z):{e 0 :z?:é().

Both f and g are in C*°(0), and it can be directly checked that f ~; g
while f 74, g. That is, an infinite jet is not a faithful representation of a
germ. Put another way, not all functions are equal to their Taylor series
in a region of convergence with nonzero radius unless they are real
analytic at the point in question. In this case, f is real analytic at zg =
0, while g is not (see Problem 1.2.1). Note in particular that ‘g(”) 0)| =
0< KM™)! n=0,1,... for any K, M > 0. So satisfying the Cauchy
growth condition alone is mnot sufficient for equating a function with
its Taylor series, that is,

[o¢] Zn
g(z) # > g™ ©)
n=0 ’
at every point except z = 0. 0

In the previous section, it was shown that given a function f: U C
R — R which is real analytic at a point, say zp = 0, one can uniquely
identify a formal power series ¢ = .Z%[f] which satisfies a Cauchy
growth condition. The above example, however, illustrates that the
reverse process of mapping a series to a smooth function is not as
simple as one might first surmise. Without the additional analyticity
assumption, such a series can only represent a class of functions. This
motivates the following definition.

Definition 1.3 A formal function at zy is a class of functions de-
scribed by an infinite jet at zg.

A convenient way to describe the set of all formal functions at a point,
namely C*(zp)/ ~;, is to identify every infinite jet with a formal power
series defined over a set of symbols X = {x1,z9,...,2,}, usually
called an alphabet, where each letter x; represents an argument z; of
f. Specifically, define for any word x;, x;, - - - x;, the corresponding /-

vector
" f(z)

8Zi1 8zi2 e 8Zik 2=20

(1.17)

Since the order of partial differentiation is not important, it is natural
to allow the letters of X to commute, i.e., x;x; = x;x;. In which case,
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14 1. Introduction

an ordering x1 < x2 < - -+ < &y, can be introduced and a given infinite
jet can be uniquely identified with the formal power series

— ni,.n2 n
c= g c(ni,ng, ... ,ny) oy ey ™,

ni,nz,...,nm >0

where z}" = x;x;---x; (z; appears n; times). If R [[X]] denotes the
set of all possible ¢, then clearly C*°(2)/ ~; can be identified with
at least a subset of R[[X]]. But it turns out that one can say more
than this. Consider, for example, the special case where m = 1 so that
f:UCR — R and X = {z}. It can be shown that the formal
Laplace transform

gf : COO(Z()) — Ré HXH
feoc,

where the coefficients of ¢ correspond to the partial derivatives of f,
is a surjective mapping.? Hence, for the series ¢ = En>0(n!)2x” there
exists at least one function in C°°(zg) which is well defined on a neigh-
borhood of zp and whose derivatives grow at this non Cauchy rate. If
2 is restricted to real analytic functions then the coefficients of ¢, as
discussed in the previous section, must satisfy a Cauchy growth rate.
But in general, the image of Z; is all of R*[[X]]. In this context, a
formal Borel transform is any mapping of the form

By RU[X]] = C™(2)

such that .2 %y(c) = c for all ¢ € R*[[X]]. That is, % is any right
inverse of Zs. It constitutes a left inverse, namely, Zy Z5(f) = f, only
in special cases, for example, when f is real analytic, and %, maps all
such series to the function defined by its convergent Taylor series. It
is more common to define the formal Laplace-Borel transform pair as

Ly Z c(n)% — Zc(n)x"
n=0 ' n=0

By nz:;)c(n):c" — %c(n)i

Their interpretation is strictly in the formal sense when the series
involved do not converge, otherwise, they have the usual interpretation

2 This is called Borel’s Lemma.

Edition 1.2, Copyright (© 2022 by W. Steven Gray



1.3 Linear Integral Operators 15

as mappings between functions. In either case, ) ., c(n)z™ is called
the generating function associated with ¢, while > _,c(n)z"/n! is
referred to as its exponential generating function.

1.3 Linear Integral Operators

Since real analytic functions are always absolutely integrable within
their region of convergence, they provide a convenient class of ker-
nel functions for integral operators. Consider a causal linear integral
operator

Z H (t, 7)u;(7) dr, (1.18)

where y(t) € R, t > to and every u; is piecewise continuous. If each
kernel function H; : R? — R’ is real analytic at (to,to), then there
exists at least a finite 7 > 0 such that on the set D = {(¢t,7) €
R?:tg+T >t >7>ty}, Hi(t,7) can be expressed as a uniformly
convergent series

o0
. (t — 7)™ (1 —to)"™
H;(t = E 1.19
Z( ’T) no n1=0 C(nl’z’ nO) nl' n[)' ( )

Here the coefficients have been indexed in manner that is more con-
sistent with the way in which a formal power series will be used to
describe an integral operator. Causality mandates that the kernel func-
tions be identically zero when ¢ < 7, so these series representations are
only used on D. Substituting equation (1.19) into equation (1.18) and
integrating term-by-term, it follows that

Z Z c(n,1, no/ (t;;)nlui(r)<T;§?)no dr. (1.20)

no,n1=0 i=1

Now introduce a letter z; for each input u;, and define also a fictitious
input function ug = 1 and corresponding letter zy. For each z; define
an associated integral

Eg [ul(t, to)Z/t wi(T) dr.

0

In which case,
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16 1. Introduction

Ewo [u] (t7 tO) =t — to,

and if the integration is repeated

! (t — to)?

Byalul(tto) == [ uo(r) By [u(r,to) dr = 2
to :

After ng successive integrations,

(t—to)™

Eggolul(t.to) =

Similarly, for any ¢ = 1,...,m, let

E:rixgo [u] (tv tO) = / Uj (T)Ezgo [’LL} (7’, to) dr

to
t _ no
Y N Gl )l (1.21)
nal
to 0-

This last integral is close in form to those that appear in the series
(1.20) except for the terms involving nj. So integrate the expression
(1.21) once more and apply the integration by parts formula:

E:c x; z t tO / / ul ) dé dr
0 O to Jto

=/t uz@)(g_t“) ¢ (1 —to)| —

TL() to

/ (1 —to) ui(T)i(T — o)™ dr

to ’rlo'

= [e-num T g

to nO!

A straightforward induction gives

t t — ni
Exglxil“go [u](t,to) = / ( ™)

tO nl '

(7' — to)nO
’I’Lo!

ui(7) dr (1.23)

(see Problem 1.3.1). Thus, series (1.20) has the alternative expression
in terms of iterated integrals

Z Z c(ni,i,mp) no[u] (1, to). (1.24)

no,n1=0 i=1
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1.3 Linear Integral Operators 17

The form of this series suggests that indexing the summations in terms
of words over the alphabet X = {x¢,z1,..., 2, } would be more nat-
ural. So the following notation is introduced:

[ elny,ing) iy = xgtziag”
(e;m) = { 0 : otherwise

for all ng,n; > 0 and i =1,...,m. In which case, the series (1.24) has
the concise representation

y(t) = D (e;m)Bylul(t to), (1.25)

nex*

where X* is the set of all words over X (including the empty word
() and Ey := 1. A key observation in this context is that the letters
of X do not commute, since, for example, the integrals F, ,, and
Ey, 2, are not equivalent. Thus, ¢ =37, .(c,n) 7 must be viewed as
a noncommutative formal power series. It will be referred to as the
generating series for this integral operator. The symbol R*((X)) will
denote the set of all possible noncommutative formal power series over
X taking coefficients from R’. Note that any series ¢ € R¢((X)) can
be equivalently described as a mapping of the form

c: X* 5 R
cn = (em).

In principle, one could define an input-output operator, Fy. : u — ,
using the expression (1.25) for any ¢ € R¢((X)) provided that the series
converges for every u in the set of admissible inputs. Such operators
are called Fliess operators, and the series is known as the Chen-Fliess
functional expansion. From an historical point of view, Fliess operators
can be viewed as a special class of Volterra operators. An operator V/
is called a Volterra operator if it can be represented by a convergent
series

o m t Tk T2
:wo(t)+z Z /to /to "'/to wik...il(t,Tk,...,Tl)-

k=11i1,....ix=1

Wiy (Tg) - - - ugy (11) dm1 - - - dg,
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18 1. Introduction

where each kernel function, wy,...;;, is an ¢ vector-valued function de-
fined on a set

DkZ{(t,Tk,...,Tl)ERk+1:to-i-TZtZTkZ---ZTtho}.

Each integral in this series can be viewed as a generalized convolution
integral, and a finite Volterra operator refers to the case where only a
finite number of the kernel functions are nonzero. Volterra operators
date back to the 1880s and are arguably the most widely encountered
type of nonlinear operators encountered in physics and engineering.
Observe that the linear operator in (1.18) is among the simplest ex-
amples of a Volterra operator, and it was rewritten in (1.25) as a Fliess
operator. It will be shown in Chapter 3 that any Volterra operator hav-
ing real analytic kernels has a Fliess operator representation over some
admissible set of inputs.

In the theory of linear systems, the series coefficients of a real ana-
lytic kernel function can be used to determine the nature of the opera-
tor. For example, in the linear time-invariant case, each kernel function
H;(t,7) in (1.19) reduces to the form

= Z > (e abai) By, lul(t to). (1.26)

Suppose the output is scalar-valued. For each ¢ = 1,2, ..., m define the
formal power series ¢; = > oo (¢, Ex;)zfz;. If every Hankel matrix

(c,zi)  (c,moms) (¢, xdas)
o (¢, zow;) (c,x%xi) (c,x%mi)

i (c,a3x:) (e xdai) (e, xhay) (1.27)

has finite rank then every ¢; is rational in the sense that there exist
polynomials in xg, say a; and b;, such that ¢; = (ba; 1)xi (see equation
(1.10)). In which case, the power series ¢ can be written as
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1.3 Linear Integral Operators 19

m m

c= Zci = Z(biafl)xi. (1.28)

=1 i=1

In general, any formal power series over X is said to be rational if
it can be written in terms of a finite number of polynomials using
a finite number of sums, products and inversions. Series (1.28) is a
special case where the polynomials in the letters {z1,z2,...,z,,} are
all homogeneous with degree one. In Chapter 4, this idea will be more
fully developed. It will be shown in the next section that systems
having rational generating series of the form (1.28) always have finite
dimensional state space realizations.

The formal Laplace transform of the linear Fliess operator Fy : u —
y is defined to be

Ly F.—c,

assuming that ¢ can be uniquely determined given F.. In the lin-
ear time-invariant case observe that the formal Laplace transforms
of the input and output functions, ¢, = > ~¢(cu, z8)zf and ¢, =
> iso(cy, xf)xk, respectively, are related by

Cy=cocy,

= C’xi—Mcocu
+1
E (c, xoxl )y cuys
=1 j=0
or equivalently,
m k—1
(cocy,af) = E g (¢, 28T ) (euyy ), k> 1 (1.29)
i=1 =0

(see Problem 1.3.3). The summation on the right-hand side with re-
spect to j is a convolution sum, as is expected from linear system
theory. The impulse response of the operator relative to the input wu;
corresponds to

o0

hi := Cilz;—1 = Z(c,méxi)x‘é, i=1,2,...,m. (1.30)
=0

The formal power series product ‘o’ is a special case of the composition
product. In general, it gives the generating series for the composition of
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20 1. Introduction

two Fliess operators, that is, for arbitrary series ¢ € R((X)) and d €
R™((X)) F.o Fg = F.oq4. So from a systems point of view, it describes
the series interconnection of two input-output systems. This product
will be first introduced in Chapter 2 and then further developed in
Chapter 3. In particular, it will be shown that the composition product
is an example of what is called Hopf convolution, a well known product
in the theory of Hopf algebras. This machinery will give not only deeper
insight into the algebra, but also provide convenient computational
tools for solving real problems.

Up to this point, all the discussion has been for analytic operators.
But a formal Fliess operator can also be defined in the event that the
underlying series describing F. does not converge, i.e., when generating
series ¢ does not satisfy a Cauchy growth condition. In this case, the
mapping ¢, — ¢, = coc, takes formal inputs to formal outputs with no
underlying assumption of convergence. This mapping is viewed as the
formal counterpart of the mapping u — y = F.[u] in the real analytic
case. In some analysis encountered in later chapters, it will be easier to
first establish algebraic results via the use of formal functions, formal
operators, or formal differential equations, after which convergence
issues can be determined independently. In other instances, such as in
this section, it is more intuitive to start with the analytic case, and then
extract out the algebraic structures on which the formal counterparts
are based.

1.4 State Space Realizations of Rational Operators

An operator F, is said to be rational whenever its generating series c is
rational. As an example, consider the case where ¢ is given by equation
(1.28). It is straightforward to show that the generating series for the

output function,
m

Cy - Z(bi@;l)xocu“

i=1
is rational whenever ¢, is rational, i.e., when each c¢,, is rational (see
Problem 1.3.3). A pillar of linear system theory is that the rational
operator F,. always has a finite dimensional state space realization of
the form

4(t) = Az(t) + Y Biu(t), 2(to) =0 (1.31)
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1.4 State Space Realizations of Rational Operators 21

y(t) = Cz(t), (1.32)

where A € R™" B; € R™! and C € R™", and whose solution
o(t,to,0,u) satisfies

y(t) = Felu](t) = Co(t, 10,0, u)

for every integrable input u. Setting m = 1 and integrating both sides
of the state equation (1.31) gives

A(t) = /t:Az(T) dr + /t:Blul(T) dr.

Substituting for z(7) on the right-hand side with the entire expression
gives

t T2 T2 t
2(t) = / A [/ Az(m)dn +/ Biuy () dT1:| dm +/ Biui(7)dr
to to to to
t T2 t T2
= 2/ z(11) dridry + AB; / / u(m) drdre+
tg Jt to Jto

0
t
By / uy(7) dr.

to

Continuing in this way gives what is called the Peano-Baker series
representation of the solution to the state equation

> t TRy T2
Z(t) :ZAkBl/ / / ul(ﬁ) dTldTQ"‘di-+1.
k=0 to Jto to

From the output equation (1.32) it then follows that
o0
k
y(t) = 3 CA BBy, [ul(t),
k=0

or equivalently,

y(t) = D (e;n)Eylul(t, to),

nex*

where
(c,) = CAkBI:n:mlgxl, k>0
’ 0 : otherwise.
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The triple (A4, By, C) is said to be a representation of the generating
series c. The distinction between realizing F,. and representing c is mi-
nor in the present context. It is straightforward to show that (A, B, C)
realizes F, if and only if it represents ¢ (see Problem 1.4.1). But for
more general types of rational series, this type of connection is not so
transparent. It will be shown in Chapter 6, using the tools developed
in Chapter 4, that the problem of realizing a rational operator goes
well beyond the traditional boundaries of linear system theory and in-
volves more fundamentally the class of bilinear systems, that is, state
space systems of the form

A(t) = Az(t) + Z Niz(t)ui(t), z(to) = 2o

y(t) = Cz(t).

In particular, note the product between the state z(¢) and the input w;.
Despite the name, this system is truly nonlinear (see Problem 1.4.2).

Another observation about rational operators is that ¢, = co ¢,
may not be a polynomial even when each ¢, is a polynomial. This
fact is central to defining an abstract notion of system state. Suppose,
for example, that ¢ = (ba~!)x1, where the polynomials a and b have
no common roots. Assume that given any polynomial p, p denotes
the polynomial whose coefficients appear in the reverse order of those
defining p. In light of the Hankel matrix discussion in Section 1.1, it is
clear that deg(a) = rank(H.) = n. It can be assumed without loss of
generality that a is monic, i.e., the coefficient of its highest order term
is one so that

a=(a,0)+ (a,zo)zo+ -+ (&,ngl)a:g*l + z(.

Then any polynomial in xg, say ¢,, can be uniquely decomposed via
Fuclidian division into the form ¢, = ap + 7, where p and 7 are poly-
nomials with the remainder polynomial having the form

T = (":a ®) + (ﬁ 330)560 +oeet (ﬁ ngl)ngl‘
In which case,
cy =cocy, = (batxy) o (ap+r) = brop + (ba M)zor

is polynomial if and only if » = 0. In this setting, two input polyno-
mials ¢, and ¢,/ are said to be equivalent when their corresponding
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1.4 State Space Realizations of Rational Operators 23

remainder polynomials, 7 and 7, are identical. Their respective output
series, ¢, and ¢y, can therefore only differ at most by a polynomial.
A collection of equivalent inputs forms an equivalence class which can
be uniquely identified by the n coefficients of the remainder polyno-
mial which they have in common. Thus, the quotient set can be put
in one-to-one correspondence with the n dimensional vector space R".
It is this representation of the quotient set that provides the famil-
iar notion of a state space in linear systems theory. To see this more
clearly, consider how the state 7_ is transformed by introducing a new
constant term uy € R according to the mapping

D (’F*aqu) =Ty = [:L‘O’F* + u+]&>

where [-]z denotes the operator which extracts the remainder polyno-
mial from a given polynomial after division by a. Using the fact that
ap =a—(a,0) — (a,z0)zog — - — (@,zf H)xp !, observe that

_0)xo + (Fo,mo)a + -+ (Fo, 2y Dl + ug

— (o) + [ (@ 0) () ug ]+

(7, 0) = (@ w0) (7, 2 Dlzo + -+
(P g ") = (@, ag ) (g Dlag
:a(f, af ) + 7

Therefore, 7 = @(7_,u4) can be written in component form as

(f-%?@)

(f.,.,xo)

(72l ™)

0 --- 0 —(a0 (7, 0) 1
1 --- 0 —(d,l’o) (f_,:ro) 0
0 - 1 —(a,x0 " (Fo,zp™t) 0

More conventionally, this is equivalent to writing the state equa-
tion (1.31) (with m = 1) in the integral form

tt tt

Z(ty) —z2(t-)=A 2(T) dT+Bl/ up(7) dr,

t_ t_

Edition 1.2, Copyright (© 2022 by W. Steven Gray
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where z(t;) denotes the n dimensional state vector at time instant
t = t, corresponding to 7, and uy = fttj u1(7) dr. In this setting,
the system output y(t4) is generally understood to only be a function
of the current system state, z(¢4). If the input happens to remain
in the equivalence class corresponding to 74 for all ¢ > ¢t then the
respective output would be completely determined by 7. In which
case, there must exist a series ¢,, depending only on 7 such that

00 Lk
vt =3 (e ) s (1.33)
k=0

It is perhaps easiest to see from classical arguments that c,, = H.(7),
where H,. is the Hankel mapping corresponding to c. That is, H, is the
linear mapping on the real vector space of polynomials whose matrix
representation is the Hankel matrix #H.. (No notational distinction will
be made between the mapping and its matrix representation.) Observe

that if 7~ = 0 and u4 = 1 then clearly 7 = 1 and y|7, —; corresponds
to the impulse response of the system (see (1.30)). So immediately, one
can conclude that ¢, |z,—1 = h1 = H.(1). Now suppose that 7_ =1

and uy = 0. Then 7y = x¢ and y|7, —s, is the derivative of the impulse
response, that is, ¢y, |7, =z, = 2 ' (1) = He(w0), where 25! (-) denotes
the left-shift operator (see (1.7)). Proceeding in this fashion, it becomes
evident that

Cy+yf+=:ré = xaj(hl) = /Hc(x%), ji=0,1,...,n—1,

where x, J (+) is the left-shift operator applied j times. Using superpo-
sition for an arbitrary 74, one must conclude that c¢,, = Hc(ry). In
light of (1.33),

y(ty) = (Cy+ ,0)

= (HC(T+), @)
(f+,@)
= [(c,21) (¢, mom1) -+ (c,2h )] (?”+,.xo)
(7o)
= Cz(ty).

The realization (A, Bi,C) is the well known controllability canonical
form of F.
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He

7= [Cula
Fig. 1.2. The canonical factorization of the Hankel mapping H. : Cu > ¢y, .

It is also possible to characterize a state space realization for F
using exclusively the Hankel mapping H. : ¢, + ¢,,. Suppose the
rank of its Hankel matrix representation is n. When ¢, and ¢, are
equivalent polynomials, their difference must be in the null space of
H.. That is,

Hc(éu - éu’) = Hc(d(ﬁ - ﬁ/)) =0,
since H.(a) = 0 (see Problem 1.1.9). Conversely, observe that given

any two polynomials ¢, and ¢, with ¢, — ¢, in the null space of H,,
it follows that they must be equivalent. Specifically, assume

Heo(Gy — Gur) = He(F —7) =0,

where the first n columns of the Hankel matrix are independent. Since
7 — 7 is a polynomial of at most degree n — 1, one must conclude that
7 — 7 = 0. In summary then,

Cu ~ Cyp = Hc(¢y) = He(Cw) <= Ey — G € null(H,).

A standard result concerning such equivalence relations states that

H. has a unique decomposition of the form H.(¢,) = Q.P:(¢,),
where P. : ¢, — T = [G)a and Q. : T +— ¢,, are linear map-
pings, and Q. is an isomorphism onto R™. This is referred to as the
canonical factorization of H. (see Figure 1.2). Those familiar with
linear systems theory will recognize this factorization as equivalent
to a controllability /observability factorization of the Hankel matrix,
H.=O(A,C)C(A, By), where

O(A,C) =[ CT ATCT (AT)2CT ... (1.34)
C(A,By) = [ By AB; A’By -+ |, (1.35)

]T
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and (A, By, C) is the n dimensional controllability canonical realization
of F. (see Problem 1.4.4). As in the previous discussion, the set of
equivalence classes forms a state space for F,. which can be identified
with the vector space R™. Here n is the minimal state space dimension
possible for the rational mapping under consideration. It will be shown
in Chapter 4 that for arbitrary rational series, a generalized notion of
the Hankel matrix places a central role in characterizing the existence
and minimality of bilinear state space realizations.

In the event that F. is not rational, it is natural to ask whether
concepts concerning linear and bilinear state space realizations can be
generalized in some natural way. The mathematical framework intro-
duced in Chapter 5 to address this question is the theory of free Lie
algebras. Roughly speaking, a free Lie algebras is a noncommutative
algebra generated by an alphabet X. In general, an algebra has both a
vector space structure and a vector product.? In the case of a free Lie
algebra, the product is the Lie bracket [z;, z;] = x;x; — xjx;, where
zi,x; € X. It will be shown in Chapter 6 that an input-affine state
space realization of Fi, namely,

where (f, g, h) are real analytic functions of the state, is guaranteed to
exist if and only if the generalized Hankel mapping has a finite rank
which is defined in a certain Lie algebra sense. The rational case in
this context is the special situation where all the functions are linear,
ie., f(z) = Az, gi(z) = N;z; and g(z) = Cxz.

Problems

Section 1.1

Problem 1.1.1 Consider the function u(t) = 1/(1+%2) defined on R.

(a) Show that u is real analytic on R but is not entire.
(b) Plot u on the interval [—1.2,1.2].

3 See Section A.1 in Appendix A.
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(c) Define the truncated Taylor series of u at ¢t = 0 to be

N

un(t) =Y c(n)

n=0

tn
m.

On the same figure generated in part (b), plot un(t) for N =
10, 20,30 over (—1,1).
(d) Explain what happens as N continues to increase.

Remark: In complex analysis, the following statements are equivalent
for a function u : C — C:

1. w is entire.
2. u is analytic on C.
3. u can be represented by a single Taylor series.

The example above illustrates that statement 2 does not imply state-
ment 3 if u is only real analytic on R.

Problem 1.1.2 Consider a function v : R — R whose Taylor series at
t = 0 has coefficients ¢(n), n > 0 satisfing the Gevrey growth condition

le(n)| < KM™(n!)®, ¥n >0
with 0 < s < 1.

(a) Determine the radius of convergence for this series representation.

(b) When s = 0 show that |u(t)| can be bounded by an exponential
function.

(¢) Show how part (b) can be generalized for any 0 < s < 1 using the
Mittag-Leffler function.

Remark: For any fixed 0 < o < 1, the gamma function satisfies the

inequality I'(an + 1) < K, M7 (n!)* for some K,, M, > 0 provided

an > 1.

Problem 1.1.3 Let u: U C R — R be real analytic at tg. Show that
u is continuous at .

Problem 1.1.4 Verify equation (1.5) for the coefficients of a re-
centered power series.

Problem 1.1.5 Show that if u : U C R — R is real analytic at ¢ then
the derivative of u is well defined within the radius of convergence and
can be computed by equation (1.6). Also show that in this situation u
must be smooth within the radius of convergence.
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Problem 1.1.6 Show that the function u(t) = ¢! is entire but does
not have a well defined right-sided Laplace transform.

Problem 1.1.7 Verify all the entries in Table 1.1.

Problem 1.1.8 Let ¢ be a series with corresponding Hankel matrix
H.. Assume that the rank of H,. is n < oo.

(a) Using the Hankel structure of H., show that the (n+1)-st column
of H. is in the span of the first n columns of H..

(b) Show by induction that every column of H. beyond the first n
columns must be in the span of the first n columns. Therefore, the
first n columns of H, must be linearly independent.

(c) Suppose ¢ is a nonzero polynomial satisfying equation (1.9). Using
the result from part (b), show that g(n) # 0.

Problem 1.1.9 Suppose ¢ = pg~', where p and ¢ are polynomials in

x with deg(p) < deg(q) = rank(H.).

(a) Show that H.(¢7) = 0 for any polynomial 7 in x.
(b) Prove that p and ¢ can share no common roots.

Problem 1.1.10 For each series ¢ below, determine, if possible, two
polynomials p and ¢ such that ¢ = pg~'. Also compute the Laplace
transform for the corresponding input « and its region of convergence.

(a) c = 2?

b) c=x+a3+a°+--
() c=1—3z+32%—--

Section 1.2

Problem 1.2.1 Determine whether each function below is real an-
alytic at t = 0. If so, determine the radius of convergence; if not,
comment on whether the function is at least smooth at ¢ = 0.

(a) u(t) =€
(b) u(t) =1/(t* +1)

fe VP it£0
(c) “(t)_{ 0 :t=0

0wy -{ g2
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Section 1.3

Problem 1.3.1 Provide the following details regarding the Chen-
Fliess series for a linear time-invariant system:

(a) The integration by parts calculation that gives equation (1.22).
(b) The inductive proof that leads to equation (1.23).

Problem 1.3.2 A function u : U C R — R™ is said to be absolutely
integrable on an interval [tg,t;] C U if

t1
/ ()| dt < 00, i=1,...,m.
t

0

Assume that the interval [to,¢;] is finite. Show that if u is piecewise
continuous (meaning that each u; has at most a finite number of jump
discontinuities) then

(a) wu is absolutely integrable;
(b) the inequality

t1

/ @ dt < o0, i=1,....m

to
is satisfied for every integer p > 1;

(c) the iterated integral Ep[u](t,to) is finite for all t € [to, 1] and every
neX*.

Problem 1.3.3 Show that the formal Laplace transforms of u and
y, where y = F.lu] and ¢ is given by equation (1.26), are related
by ¢y, = co ¢, as described in equation (1.29). Also verify that ¢,
is rational whenever ¢ and ¢, are rational, that is, when ¢; = b;a; !
and ¢y, = piq; ! where a;, b;, p; and ¢; are polynomials in xq for
1=1,2,...,m.

Section 1./

Problem 1.4.1 Suppose that (A, B, C') is known to represent a formal
power series ¢ : X* — R. Show that (A, B, () also realizes the linear
input-output operator
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F,:u— y(t Z Ht—ruz()dr, t > to,

where the series H;(t) = Y 2o o(c, xkx;) t*/k!, i = 1,...,m. Show that
the converse statement is also true.

Problem 1.4.2 Consider a bilinear state space system

2(t) = Noz(t) + Niz(t)u(t), z(0) =z
y(t) = C=(1).

(a) Write the solution z(t) of the state equation in terms of a Peano-
Baker series.

(b) Give a series expression for the output y(t).

(c) Determine y(t) for the case:

R R L AP A )

Problem 1.4.3 Let ¢ be the generating series for the integral operator
in equation (1.26) with m = 1.

(a) Show that H.(¢,) = z, (n“+1)(c o ¢y,), where ¢, is a polynomial of
degree n,,.

(b) Suppose c is a rational series. Let ¢, and ¢, be equivalent poly-
nomials with corresponding output series ¢,, = H.(¢,) and Cy, =
H(Ew ). Using only the result from part (a), show that ¢, =c
or equivalently, that ¢, — ¢,/ is in the null space of H..

/

Yo

Problem 1.4.4 Show that the observability and controllability ma-
trices described by equations (1.34)-(1.35) produce the canonical fac-
torization of the Hankel mapping H..

Bibliographic Notes

More detailed bibliographic notes are deferred to the later chapters,
where the topics in this chapter reappear more fully developed. Here
some citations are provided of a more general nature for those readers
wanting to expand their background in various directions.

Section 1.1 The study of real analytic functions in one variable is a
standard topic in real analysis. Basic treatments of the subject appear
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in the introductory textbooks by Bartle [4], Bromwich [21], and Knopp
[132]. More advanced topics can be found in the books by Balser [3]
and Ruiz [167]. Power series in one variable are also treated in these
same introductory texts. For the multivariable versions of these topics,
the book by Grébner [98] is very complete. Any basic text in complex
analysis will address the topic of analytic functions defined on the
complex plane, see, for example, [2, 23, 178]. For a thorough treatment
of this topic in the multivariable setting see the book by Hormander
[109].

Section 1.2 An accessible treatment of formal functions appears in the
book by Castrigiano and Hayes [29, Chapter 4]. The text by Wilf [204]
provides a general introduction to the topic of generating functions. A
number of books are available concerning formal power series, most do
so in the context of formal languages or theoretical computer science.
This includes the books by Berstel [7], Berstel and Reutenauer [§],
Conway [46], Gross and Lentin [99], Harrison [106], Kuich and Salomaa
[134], Reutenauer [158], Revesz [159], Rozenberg and Salomaa [163],
Salomaa [168], and Salomaa and Soittola [169]. A survey of the subject
as it applies to systems theory appears in the tutorial paper by Fliess
[74] and the textbook by Isidori [113, Chapter 3].

Section 1.3 Many texts are available treating linear integral oper-
ators. A few from the mathematical point of view include those by
Kreyszig [133], and Naylor and Sell [152]. Those from a systems point
of view include the texts by Callier and Desoer [25] and Kailath [125].
A number of references are available addressing nonlinear integral op-
erators. The books by Isidori [113], Rugh [166], and Schetzen [172],
as well as the papers by Brockett [20], Crouch [47], and Wong [207]
provide good introductions.

Section 1.4 Realization theory for linear systems is treated very com-
prehensively in the textbook by Kailath [125]. Chapter 5, in particu-
lar; gives a nice overview of the algebraic approach to the subject,
which underlies many of the concepts appearing in this book. See the
early work of Kalman for some historical perspective on this approach
[126, 127]. The textbooks by Callier and Desoer [25] and Chen [30]
are also useful references. Concerning nonlinear state space realiza-
tions, the textbooks by Isidori [113], Khalil [130], Nijmeijer and van
der Schaft [153], Sontag [181], and Vidyasagar [196] all give compre-
hensive introductions to the subject.
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2. Formal Power Series

Many of the mathematical objects that appear in this book arise nat-
urally in the theory of formal languages. So the starting point for this
chapter is an introduction to formal power series in this setting. As
these ideas are developed, it will become apparent that formal power
series often have a combinatorial nature, that this, their manipula-
tion involves partitions, permutations, etc. Considerable time will be
spent on the shuffle product, as it is ubiquitous when combinatorics is
applied in system theory. In this regard, combinatorial Hopf algebras
are also useful, especially when explicit computations are needed. So
the notion of a Hopf algebra is introduced along with some important
examples which will be useful henceforth. Finally, a general notion
of composition for formal power series is presented. This device will
be used in Chapter 3 for describing the series interconnection of two
input-output systems and to define a formal input-output map.

2.1 Formal Languages

A finite nonempty set of arbitrary symbols X = {zg,z1,..., 2} is
called an alphabet. Each element of X is called a letter, and any finite
sequence of letters from X, n = x;, ---x;,, is called a word over X.
Two words 7 and £ are equivalent, i.e., n = £, if one word is letter by
letter equivalent to the other. The length of a word 7 is equivalent to
the number of letters in  and will be denoted by |n| . In addition, |7,
is equivalent to the number of times the letter x; appears in 7. The
empty word, (), has length zero. The set of words with length k& will be
denoted by X*. The set of all words is represented by X*, while X+
is the set of all words with positive length, i.e., the nonempty words.
A language is any subset of X*.
Consider the following binary operation on X*.
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34 2. Formal Power Series

Definition 2.1 The catenation product on X* is the associative
mapping
C: X"xX"— X"
2 (1,€) = g,
That is, for any n,&,v € X* it follows that

(n&)v = n(&v).
Furthermore, the empty word () is an identity element for C since
bn=nb=mn, vne X"

For any positive integer i and n € X*, the i-th iterateof nisn’ =n-- -,
where 1 appears i times. Normally, 7" := ). The triple (X*,C,0) (or
simply X* when the rest is understood) is referred to in algebraic
parlance as a free monoid on X. The adjective free is referring to the
assumption that there are no relationships between the letters. For
example, the letter £1 can not be used to represent the word zox3. In
some situations involving groups, it is useful to have relationships like
TiT; = xTjx; = 0 so that x; can be thought of as the multiplicative
inverse of x; and vice versa.

Given two arbitrary monoids (M, 0, e) and (M’, 0’ ¢’), a mapping
p: M — M’ is called a monoid homomorphism if

p(n0E) = p(mB'p(§), Yn,& € M (2.1)

and p(e) = €. When p is bijective it is called an isomorphism. Given

an arbitrary alphabet X = {xg,1,..., 2y}, any mapping p : X — M’

can be uniquely extended to a homomorphism p : X* — M’ by letting
p(xikxik—1 T xil) = p(xik)D/p(xik—l)D/ T D/p(l‘il)

(see Problem 2.1.3). If y; := p(x;) for each z; € X, then p(X*) can
be viewed as a free submonoid of M’ corresponding to the alphabet
Y ={vo,y1,...,ym}- If pisinjective, i.e., if p(n) = p(§) always implies
that n =&, Vn, & € X*, then p is called a coding of X*.

Example 2.1 Suppose X ={0,1,...,9} and Y = {0, 1}. The binary
coded decimals

p(0) = 0000, p(1)=0001, ... p(9) = 1001

define a coding of X™, but not an isomorphism since, for example, the
word 1010 € Y* is not in the range of p. 0
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2.1 Formal Languages 35

Example 2.2 Consider the usual multiplicative monoid {R",-, 1} on
the set of positive real numbers, R, and the additive monoid {R, +,0}
on the set of real numbers R. Select any a € R™ then the map

p:RT =R
cy =y =log,(y)

defines an isomorphism since p is bijective,

p(y1y2) = p(y1) + p(y2), 1,92 € RY,

and p(1)=0. O

Example 2.3 The natural numbers Ny := {0,1,2,...} provide the
submonoid {Ng,+,0} of the monoid {R,+,0}. With X = {z} and
X* ={0,z,2°,...}, the mapping |z¢| = i, i > 0 defines an isomorphism
between X* and Ny. It is clearly a restriction of the isomorphism in the
previous example, where € R is left unspecified, and () is identified
with 1 € RT. O

This last example suggests an alternative way to express a power

series in one variable,
[ee]
c= E c(i) z*.
i=0

Namely, defining (¢,n) = ¢(|n|) for every n € X*, where X = {x}, the
series can be written as the summation over X*

c= Y (emn

neXx*

Example 2.4 Any R-linear mapping on the vector space R" can be
represented by a matrix in R™*". The collection of matrices R"*"
clearly forms a monoid under the usual definition of matrix multi-
plication, where the identity matrix, I,,, is the multiplicative identity
element. Given an alphabet X = {zg, z1,...,Zm}, let u denote a map-
ping which assigns a specific matrix to each letter, namely, p(z;) = N;
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36 2. Formal Power Series

for : = 0,1,...,m. Then there exists a unique free submonoid in R™*"
generated by N := {Ny, N1,..., Ny} (the N;’s are not necessarily lin-
early independent). This type of matrix monoid plays a central role in
the theory of linear representations for formal power series presented
in Section 4.2.

0

2.2 Formal Power Series

Given an alphabet X = {zg,z1,...,2m}, a formal power series c is
any function of the form

c: X* = RE

The image of a word n € X* under ¢ is denoted by (¢,n) and is
called the coefficient of 1 in c. It is customary to write ¢ as the formal

summation
c=> (e
nexX

The coefficient (¢, 0) is referred to as the constant term, and c is called
proper when this coefficient is zero. The support of ¢ is the language

supp(c) := {n € X*: (¢,n) # 0}.

The order of ¢ is defined as

ord(c) = {min{!'n :n €supp(c)} i c#0

00 :c=0.

So when ¢ is proper, it follows that ord(c) > 0. The set of all formal
power series will be denoted by R((X)). In addition, the set of all
formal power series with finite support, i.e., the set of all polynomials,
will be represented by R*(X). The degree of a polynomial p is

deg(p) = { max{|| 17; supp(p) } zz i 8‘

As a matter of notation, n = () denotes the empty word in X*, while
the polynomials p = 1) and p = 00 will usually be written simply as
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p=1and p = 0, respectively.! When ¢ > 1, the i-th component series

of ¢ € RY(X)) is
ci= Y (e;min,
nex*
where (¢, 7); is the i-th component of the vector (¢,n) € RY. In which
case, there is a natural bijection between R’((X)) and (R{(X)))*.
The sets R ((X)) and R*(X) exhibit considerable algebraic struc-

ture. For example, each admits a vector space structure over R when
addition ¢ + d is defined by the coefficients

(c+d,n) = (¢,n) +(d,n), Vne X,
and scalar multiplication ac is given by

(ae,n) = ale,n), Vne X*, VaeR.
It is straightforward to show that

ord(c + d) > min{ord(c),ord(d)}, ¢,d € R{(X))
deg(p + q) < max{deg(p),deg(q)}, p,q € R(X).

When ¢ = 1, each set forms a ring, an associative R-algebra, and a
module over the ring R(X) using the following product.?

Definition 2.2 The catenation product or Cauchy product of
two series (or polynomials) c,d € R((X)) is cd = 3, y«(cd,n)n,
where

(Cd:??): Z (67‘5)(da1/)7 Vn e X7,

EveX*
n=E&v

or more succinctly,
(ed,n) =D (¢, 6)(d,v), ¥neX*.
n=_&v

In this case, the polynomial p = 1 acts as the multiplicative identity
element (see Problem 2.2.1).

1 When it is necessary to distinguish between the scalar 1 and the polynomial 10,
the latter will be written as 1.

2 The reader may wish to consult Appendix A for a brief review of these algebraic
concepts.
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Example 2.5 Suppose X = {z} and consider two polynomials:

=(c,0) + (¢,z) z + (¢, 2%) 2

¢ U]
d=(d,0)+ (d,z) z + (d, x?) z2.

The familiar polynomial product of ¢ and d is computed as

cd = [(c,0) + (¢, z) x + (¢,2%) 2°] [(d, 0) + (d, 2) = + (d, 2*) 2]
= (¢,0)(d,0) + [(c,0)(d, ) + (¢, 2)(d, 0)] = + [(c, 0)(d, )+
(e, 2)(d, ) + (¢, 2°)(d, 0)] 2 + [(c, 2)(d, %)+
(c,2%)(d, x)] 2° + (¢,2%)(d, 2*) 2

Thus, it follows that

(cd, wl) = Z (c, xj)(d, xk)

J:k=>0
Jjtk=i

= 5 (. O)d.v).

n=&v

So the catenation product of polynomials (or series) over a single letter
alphabet reduces to the usual polynomial product. It is easy to see in
this case that the catenation product is commutative. Also observe
that

7

(cd, ') = (c,a7)(d,z"7).

j=0
Hence, for single letter alphabets, the catenation product is exactly
equivalent to the notion of series conwvolution. 0

Example 2.6 Suppose X = {zg,z1}, ¢ = 2z9z; and d = xg + 2.
Then it follows that

cd = 2xox1 (0 + 1)

= 2xpx1T0 + 21"0:3%,
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while on the other hand

de = (xo + 1) 2x021

= 2:63301 + 2x12071 -

Thus, the catenation product is not commutative when X contains
more than one letter. 0

Example 2.7 Consider the special case where the letters of X =
{1,292, ...,y } commute, that is, x;2; = z;x; for all z;,z; € X*.
Let R[[X]] denote the set of all formal power series on this commut-
ing alphabet. In this case, an alternative definition of the catenation
product is often useful, namely,

n
cd = Z (Cd7 77) ﬁ'}

nex*

where

(cdn) = 3 (e, €)(dv) 2

o &l

and n! == |n[, !nl,,' - [nl,, ! For a single letter alphabet, this yields
what is commonly called binomial convolution

(cd, 27) = Z (;) (c,29)(d, 2 7). (2.2)

J=0

The catenation product in the general commutative case will be re-
ferred to as the multinomial catenation product. Binomial convolution
naturally arises when describing the pointwise product of real analytic
functions. That is, if

1=0

and likewise for fg, then f.fs = feq (see Problem 2.2.2). It will usually
be clear from context which catenation product is at play. For non-
commutative alphabets, it will always be the Cauchy product. For the
commutative case where the pointwise product of functions is involved,
it will always be the multinomial catenation product. 0
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One of the most common operations performed on series is to shift
its coefficients in some manner to other words in the series. For ex-
ample, given the single letter alphabet X = {z}, the familiar left-shift
operator is

7 e)=27(e,0) + (¢, 2)z + (¢, 22)2® + (¢, 2¥)a® +--+)
= (c,z) + (¢, 2z + (¢, )2 + (c,ah)z® + - - - .
When applied twice, the operator 2= (z~1(-)) could be thought of as

(22)71(-). These ideas are generalized for an arbitrary alphabet in the
following definition.

Definition 2.3 Given any & € X*, the corresponding left-shift op-
erator on X* is defined as

¢ X = R(X)

/ /
_ nin=2¢&n
A { 0 : otherwise.

Note that in the second half of this definition, 7 is being mapped to
the zero polynomial, i.e., p = 0, as opposed to the empty word 0.
So this operator is a mapping into R(X) and not into X*. For any
c € RY((X)), this definition is extended linearly as

SO PR I0)

nex*

= (e.émn.

nex
In which case, £71(-) acts linearly on the R-vector space R*((X)), that
is,
ffl(alcl + ageg) = 041571(61) + 012571(62)

for all oy € Rand ¢; € RY((X)) (see Problem 2.2.3). Two key properties
of left-shift operators are given in the following lemma.

Lemma 2.1 Letz; € X and {,v € X* be fized. For any c,d € R{(X))
it follows that:

1L (&) He) =v7HE o))
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Proof:
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L(d).

7

1. This property follows directly from the definition,

() e) = Y_ (en) (Ev) " (n)

nex*

=Y (emv (€ )

nex*

:Vilgil Z (6777)77

neX*

=v e o).

2. For any x; € X observe that

z; (cd) = Z (cd, zin)m

nex*

nex

> (e.&)dv) | n

x;n=&v

> (e, zi&)(d,v) + (e, 0)(d, zin) | n

n=E&v

> (@), O w) | nt (e,0) > (M (d),m)n
n=Ev nex*

= a7 () d+ (c,0) 2 (d).

2.3 The Ultrametric Space R¢({X))

It will be useful in a number of situations to provide the vector space
R((X)) with a topological structure so that concepts like convergence
are available. Convergence in this case does not mean convergence of a
power series in RY((X)), but rather convergence of a sequence of power
series in RY((X)). The approach taken here employs the following no-

tion of distance.
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Definition 2.4 Given a set S, a function § : S x S — R is called an
ultrametric if it satisfies the following properties for all s,s',s" € S:

i. 0(s,8") >0
ii. 0(s,8") =0 if and only if s =&
iii. 6(s,s') =0(s',s)
iv. 6(s,s") < max{d(s,s"”),0(s",s)}.
The pair (S, ) is referred to as an ultrametric space.

In the event that property v is replaced with the triangle inequality,
d(s,8') < 8(s,8") +0(s", '), (2.3)

(S,0) is called a metric space. Clearly, iv implies (2.3) but not con-
versely. Thus, every ultrametric space is a metric space. Now for any
fixed real number o such that 0 < o < 1, consider the mapping

dist : RE((X)) x RE((X)) = R
(e, d) — gord(e=d),
The following theorem is essential.

Theorem 2.1 The R-vector space RY((X)) with mapping dist is an
ultrametric space.

Proof: The proof is left as an exercise (see Problem 2.3.1). [ ]

Example 2.8 Suppose X = {z} and 0 = 1/2. If
c=1+z+a®+---

d=1+z+2*
then
c—d=x4+azt+2°+ -
so that ord(c — d) = 3 and dist(c,d) = 1/8. O

A sequence {s1, s2, ...} in a metric space S is said to converge to s €
S, ie., lim; o0 85 = 8, if lim; 00 (84, s) = 0. This means precisely that
for every e > 0 there exists a natural number N, such that d(s;, s) <
e when ¢ > N.. Any such limit point s will always be unique (see
Problem 2.3.2). As the ultrametric dist never exceeds one, there is
no loss of generality in assuming that 0 < ¢ < 1 when applying the
definition to sequences in R*((X)).
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Example 2.9 Suppose X = {z} and let

c=l4+a+a?+- -
ci=l+a+--+a', i>0.

Then dist(c;, ¢) = 0T, For any 0 < € < 1, set N, = [log(e)/log(o)],
where [-] denotes the ceiling function. Then if ¢ > N, it follows that
o'+l < €. Therefore, lim;_ ;o0 ¢; = c. O

Example 2.10 Consider a proper series ¢ and the sequence {1,¢,c?,...},
where ¢® denotes the catenation power, that is, ¢ := cc-- - ¢, where ¢
appears i times and ¢? := 1. For any i > 1 observe

diSt(Ci,O) _ Jord(c“ﬁ_[)) _ O_iord(c).

The properness of ¢ implies that ord(c) > 0. For any 0 < e < 1, set

log(e)
N.o= |28 |4,
|710g (O-ord(c))—‘ +
Then it follows that i > N, gives dist(c?,0) < ¢, and thus, lim; s, ¢’ =
0. -

Using the definition to prove that a given sequence in R((X))
converges requires one to identify a priori a limit ¢ € R¢((X)). The
classical way around this problem is to use the notion of a Cauchy
sequence. A sequence {si, s2,...} in any metric space (S, 9) is said to
be a Cauchy sequence if for every € > 0 there exists a natural number
N such that d(s;, sj) < € whenever 4,j > N,. It is easily verified that
every convergent sequence is a Cauchy sequence (see Problem 2.3.2).
A metric space is said to be complete if every Cauchy sequence is
convergent.

Theorem 2.2 The ultrametric space (R*((X)),dist) is complete.

Proof: Let {c1,c2,...} be a Cauchy sequence in R*((X)). Then for
any k > 0 there exists a natural number N such that dist(c;, ¢j) <
ok whenever i,j > Nj. Therefore, ord(c; — ¢j) > k, or equivalently,
(ci,n) = (¢j,n) when || < k. Now define a new series ¢ € R*((X)) by
setting
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RA(X))

Fig. 2.1. The subsets in the definition of summable.

(c,n) = (cny,m), YneXF k>o0.

The claim is that lim; .o ¢; = ¢. Choose any € > 0. Select integer
k > 0 such that % < e. Then for all i > Nj

dist(c;, ) < oF < e.
This completes the proof. [ |

Frequently, one encounters the situation where a family of formal
power series needs to be added together to form a new series. If this
family is infinite, it is not so obvious at first glance how such a sum
should be defined. Clearly, the topological structure has to be involved.
The following definition addresses this issue.

Definition 2.5 Let {c;}ics be a family of series in RE((X)). The fam-
ily is said to be summable if there exists another series ¢ in RY((X))
with the property that for any € > 0, there exists a finite subset I, C 1
such that for any other finite subset J C I containing I, it follows that

dist ch,c <€

jeJ
(see Figure 2.1).

The set I, denotes the smallest subset of series one must combine in
order to get within € of c¢. Including more terms, such as those in J,
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can get one closer to ¢ but no further away than distance e. When
{¢i}ier is summable, its sum will be written as ¢ = ) ._; ¢, and, in
particular,

el
(0777) = Z (Civn)7 ne X*7
i€l(n)

where I(n) := {i € I : (¢;,n) # 0}. It is left to the reader to show
that when the sum c exists, it is unique. The following definition and
theorem provide a convenient test for summability.

Definition 2.6 A family of series {c;}ics in RE((X)) is called locally
finite if the set 1(n) is finite for every n € X*.

Theorem 2.3 If a family of series {c;}icr in RE((X)) is locally finite
then it is summable.

Proof: For a locally finite family {c;};cr, define the series ¢ whose
coefficients are given by the finite summations

(e;m) =Y (cin), Vne X™.
i€l(n)

To see that ¢ is indeed the sum of {¢;};cs, choose any € > 0, and let
k > 0 be an integer such that o* < e. Define the corresponding finite
subset of I

[El<k

Now let J be any finite subset of I containing I.. Assuming ¢ # > jes G
(i.e., the nontrivial case) then it follows that

ord ch—c =minQ |n|: Zc]-—c,n #0,ne X*

Jj€J JjeJ
=min < =Y (¢j,n) # (e,n), n € X~
jed
> k,
since for any word n € X* with |n| < k

> epm =Y (cin) = (e,n).

JjeJ Jj€l(n)
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In which case,

dist ch,c — oord(e=Xjes ) <oF<e
jeJ

Thus, the family {c¢;};cs is summable, and ¢ is the corresponding sum.
|

Example 2.11 For any fixed series ¢ € RY((X)), where X is an
arbitrary alphabet, consider the family of series {c,},ex+, where
¢y = (¢,m)n. Since the support of each series ¢, contains at most one
word, the family is locally finite and the sum is obviously c. Further-
more, since these supports are pairwise disjoint, one can unambigu-
ously represent the mapping ¢ : X* — R’ using the series notation

c= Z ey = Z (e,m)n.

nex* nex*

Example 2.12 Suppose X = {z} and consider the family of mono-
mials {¢;}ien,, where ¢; = a;x with a; # 0 for all i € Ny. Clearly
I(z) = Ny is not finite. Therefore, the family {c¢;}icn, is not locally
finite. The question of whether the family is summable depends en-
tirely on the coefficients. For example, if a; = 1/i, i € Ny, then it is
not summable as the coefficient of x in the corresponding sum is not
finite. On the other hand, if a; = 1/i!, i € Ny, then this family has the
sum ¢ = ),y ¢ = ex, where e = 2.7182. ... This demonstrates that
the converse of Theorem 2.3 is not true in general. 0

Example 2.13 Suppose X is an arbitrary alphabet. Let {a;}ien, be
any sequence of real numbers and ¢ € R((X)) any proper series. Con-
sider the family of series {a;c'}ien,. For any i € Ny and € X* such
that i > ||, it is immediate that (c!,n) = 0 since ord(c?) > i. There-
fore, I(n) € {0,1,...,|n|}. Thus, this family is locally finite, and hence
summable. This fact allows one to extend the domain of definition for
various real analytic functions from R to R((X)). For example, given
any proper ¢ € R((X)), one can define:
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(1—¢)” Zc

log(1 Z c

The first function above arises naturally in the study of rational series
(Chapter 4), while the latter two functions are important when the
free Lie algebra on R(X) is considered (Chapter 5). 0

The final topic of this section is contractive mappings. This is a
classic subject in the theory of metric spaces. Contractive mappings
often arise in the study of differential equations, operator theory and
functional analysis. Contractive mappings will be used in Chapter 3
to determine when the feedback interconnection of two input-output
systems is well defined.

Definition 2.7 Let (S,0) be a metric space. A mapping T : S — S is
called a contractive mapping if there exists a real number 0 < av < 1
such that

§(T(s), T(s)) <ad(s,s), Vs, s e€S.

Given any mapping, 7, a point s* € S is said to be a fized point if
T(s*) = s*. The following theorem gives a condition under which a
fixed point exists and is unique.

Theorem 2.4 Let (S,d) be a complete nonempty metric space. Then
every contractive mapping T : S — S has precisely one fixed point in

S.

Proof: Select any s1 € S and generate a sequence in S by the iteration
Si+1 = T (si), i > 1. It is first shown that if 7 is contractive then the
sequence {s1, s2, ...} is a Cauchy sequence. Observe that for any i > 2,
6(si, si+1) = 0(T (si-1), T (s4))
< ad(si-1,si)
< 0®6(si—2, Si-1)
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<ot d(s1, 82).

Applying the triangle inequality and using the assumption that 0 <
a < 1 gives for any j >i>1

6(si,85) < 6(8i, Siv1) + 0(si41, Siv2) + -+ + 6(s5-1,55)
< (aifl 4 ai + -4 aj72)5(81732)

Clearly, the right-hand side of the last inequality above can be made
arbitrarily small by choosing a sufficiently large ¢. This proves that
{s1, s2,...} is a Cauchy sequence. Since S is assumed to be a complete
metric space, there must exist a unique element s* € S such that
lim; oo 8§ = s™.

It is next shown that s* is the unique fixed point of 7. Observe
that

< 0(s", ) +0(si, T(s7))
< (5( ')-FCK(S(Si_l,S*).

However, it was just shown that lim; .o, s; = s*. So after taking the
same limit above, one must conclude that 6(s*, 7 (s*)) = 0, or equiva-
lently, s* = T (s*). Suppose 7 has a second fixed point §*. Then

6(s*,8%) = 6(T(s"), T(5"))
< ad(s*, 5,

which implies that §(s*,5*) = 0 since 0 < o < 1. Hence, s* =35*. n

Example 2.14 Consider the function

fz) =2+ g —tan~1(2)

on R. The set R is known to be a complete metric space under the
metric §(z, 2") = |z — 2/|. Clearly, for every z € R

fl(z)=1- . <1
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For any 2,2’ € R with z < 2/, it follows from the mean-value theorem
that there is some Z € (z, 2) such that

[f(2) = FE) =11z = 2]
<lz =7 (2.4)

This is a slightly weaker condition than that required for a contraction.
Therefore, Theorem 2.4 does mot apply. Observe that a fixed point,
z*, would have to satisfy f(z*) = z*, which in this case is precisely
equivalent to requiring that tan=!(z*) = 7/2. But no such number z*
exists in R. Hence, (2.4) does not guarantee the existence of a fixed
point in general. It does, however, provide for uniqueness when a fixed

point is known to exist by other means (see Problem 2.3.6).

2.4 The Shuffle Product

In this section, a new product on R*((X)) is considered, the shuffle
product. It is probably the most important product after the catena-
tion product for analyzing nonlinear systems in a formal power series
setting. The following definition describes the basic idea when only
words are involved. But the goal is to eventually define a shuffie alge-
bra on RE((X)).

Definition 2.8 The shuffle of two words n,§ € X* is defined to be
the language

Spe={ve X :v=m&m &, ni,& € X7,
n=mnz-Nn, E=8&& -, n > 1}

In particular, Sn,@ ={n} and S@,g = {¢}.

This shuffle operation most likely derives its name from the manner
in which playing cards are mixed, that is, n and £ are combined so as
to preserve the relative ordering of their respective components. For
example, the word 7; is to the left of n;4; before and after the shuffle
operation is performed. An equivalent definition of the shuffle with a
more combinatorial flavor can be given in terms of set bisections. For
any integer n > 0, let [n] = {1,2,...,n} with [0] = 0. A pair of subsets
(I,J) is a bisection of [n] if ITUJ = [n] and I NJ = (). Given a word
v =1y -y with v; € X and a subset T = {i; < ia < -+ < ix}
of [|v]], let vi = v vy, - - 14, denote a subword of v. For example, if
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A 4
A 4

»- »
> L

B

Fig. 2.2. Two paths corresponding to the word zox3xo in the shuffle language in
Example 2.15.

v = xor1mor and I = {2,4} then v; = z?. It is easily verified that
v € S, ¢ if and only if there exists a bisection (1, .J) of [|v[] such that
vr =n and vy = . Therefore, any v € S, ¢ satisfies |v| = ||+ ||, and,
in general S, ¢ can contain at most

()

Example 2.15 Suppose X = {zg, 21}, n = xor1 and { = z1x0. A
systematic way to construct a word in the shuffle language S, ¢ is to
create a table as shown in Figure 2.2, where the rows are labeled from
top to bottom with the letters of 1, and the columns are labeled from
left to right with the letters of £. Consider a path connecting point
A to point B, where one is only permitted to move down and to the
right. With each path one can associate a single word in S,, ¢ by keeping
track of which rows and columns have been traversed. For example, the
two paths corresponding to the word a:oa:%xo are shown in the figure.
Proceeding in this way, the complete shuffle language is found to be

distinct words.

2 2
Sp.e = {xoxizo, ToT12OT1, T1TOT1T0, T1THT1 )
O

A third equivalent definition of the shuffle can be given recursively
in terms of formal polynomials. This approach has two advantages: it is
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more computational in nature, and it is easier to determine when words
have a multiplicity greater than one, i.e. when they can be generated
by more than one bisection or path in the context of the previous
definitions.

Definition 2.9 The shuffle product of two words is

(zin) w (x;€) = @i(n w (2;€)) + x;((2in) w§), (2.5)
where x;,x; € X, 0, € X* and withn 0 =0wn=n?
The claim, which is left to the reader to verify, is that

Sn.e = supp(n w§).
Example 2.16 Reconsider the previous example where 1 = g2 and
f = T120- Then
o1 w120 = To(T1 wx1x0) + 1 (ToT1 W X))
= .’L‘o[x%{to + xl(xl L xo)] + xl[.%'()(l'l L .I'()) -+ .T}g.%'ﬂ
= 21’01‘%.’[)0 + xoxr12021 + T1TOT1XO + 2:U13:(2)x1.

Thus, six words are generated by this product, but two of them have
multiplicity 2. Furthermore,

9 9
supp(zoz1 wx120) = {Xox1T0, ToT1TOT1, T1TOLT1L0, T1LHL1 }

=Sye-

Example 2.17 Given a language L C X, the characteristic series of
L is the element in R{(X)) defined by char(L) = >, ., v. Suppose, for
example, X = {zg,z1}. Then

char(X) =z +x1 =20 wl + 0w

— § 0 T1

70,71 >0
ro+r1=1

3 The symbol w is the letter Sha in the Cyrillic alphabet, which is used, for
example, in the Bulgarian, Russian and Ukrainian written languages. It is used
to represent a sound which is roughly equivalent to the sh sound in the English
word shuffle.
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Similarly,

char(X?) = a3 + xox1 + x120 + 77

ngu_l@—f—.%'omxl—i-@m:(}%

= Z xy Wit
70,71 >0
ro+ry=2
An inductive argument for an arbitrary alphabet X = {xg, x1,...,2mn}
produces the useful identity

char(X*) = Z z wait woswaym, k>0 (2.6)

m

QT 15w Tm >0
ro+r1++rm==k

(see Problem 2.4.6). 0

The definition of the shuffle product is extended linearly to any two
series ¢,d € R{(X)) by letting

cud= Y (en)(d,&)nuwé. (2.7)
n, eX*

For a fixed v € X*, the coefficient

(cwd,v) = (e,n)(d,§)(nw& v) =0, |n|+I[¢] # [v].

Hence, the infinite sum in (2.7) is well defined since the family of
polynomials {1 w &}, ¢)exxx+ is locally finite, i.e., I(v) C {(n,§) €
X* x X*:|n| + [€] = |v|} is finite for every v € X*. Given two series
¢,d € RY(X)) the shuffle product ¢ d is defined componentwise, i.e.,
the i-th component series of c i d is (¢ wd); = ¢; wd;, where 1 < i < /.

Example 2.18 Reconsider Example 2.6 where X = {zo,z;} and
c=2x9r1, d=1x0+ T71.
Observe that

cwd= 2[3701‘1 L l‘o] + 2[.%0:61 L 561]
= 2 (zolz1 w o] + wo[ToT1 WO]) + 2 (20[T1 W 1] + 1 [TOX1 LW O])

= 2x0(7120 + o1 + T021) + 2(2207F + T170T1)
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= 4x(2)a:1 + 2z0x120 + 2212071 + 43:037%
and

duwe=2[zgwxor] + 2[x] wror)
= 2 (20[0 wzoz1] + x0[T0 W 21]) + 2 (1[0 w TOZ1] + T0 [T W X1])
= 2(x2x1 + zo(zo21 + 2120)) + 2(21T0T1 + 22027)
= 41‘(2)1‘1 + 2x9r120 + 212021 + 4$0$%

=cuwd.
]

In general, the shuffle product is commutative. It is also associa-
tive and distributes over addition. Thus, R((X)) forms a commuta-
tive R-algebra, the shuffle algebra, with multiplicative identity ele-
ment 1. In addition, the shuffle algebra is an integral domain, namely,
it has the property that cuud = 0 if and only if at least one of its
arguments is the zero series (see Problem 2.4.1). This fact yields an-
other basic property of the shuffle product. Using the property that
ord(c + d) > min(ord(c),ord(d)), it is easy to see in general that
ord(cwd) > ord(c) 4+ ord(d). But the following stronger claim holds.

Lemma 2.2 For any c¢,d € R((X)), ord(cwd) = ord(c) + ord(d).

Proof: Consider only the nontrivial case where both ¢ and d are not
zero. Define the nonzero polynomials p,q € R(X) by ¢ = p+ ¢ and
d = q + d’, where p is the homogeneous part of ¢ satisfying ord(p) =
ord(c) and ord(¢’) = ord(c — p) > ord(c), and likewise for ¢. In which
case,

cuwd=p+d)w(qg+d)=pug+pud+cwg+dud.

As the shuffle algebra is an integral domain, it is immediate that
pwq # 0 and ord(pwq) = ord(p) +ord(q) = ord(c) + ord(d). Further-
more, each of the last three terms has order exceeding ord(c) + ord(d),
for example, ord(p .wd’) > ord(p) + ord(d’) > ord(c) + ord(d). There-
fore, the identity in question must hold. [ ]

As alluded to earlier, the shuffle algebra plays a central role in the
analysis of nonlinear systems. To better understand this connection,
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let {up,u1,...,un,} be a fixed set of piecewise continuous real-valued
functions defined on a finite interval [to,?;]. For any word n € X
define recursively the iterated integral

Eyul(t, to) = Epy[ul(t, to) = / ui (1) Eyy[u] (1, t0) d

to
with Eylu](t,tp) = 1 for all ¢ € [to,t1]. For any polynomial p € R(X)

extend this definition as

Ep[u](t7t0) = Z (pﬂ?) Eﬂ[u](tat())'

nex*

Let £(R(X)) denote the set of all such finite linear combinations of
iterated integrals. Clearly, £(R(X)) forms an R-vector space. The fol-
lowing lemma provides additional algebraic structure.

Lemma 2.3 For any n,§ € X*

E,[ul(t, to)Eclul(t, to) = Ey o ¢[ul(t, to).

Proof: The claim is trivially true when [n| + [{| = 0 and [n| + [{| = 1.
Assume it holds up to the case where |n| + || = n > 1, and suppose
for example that £ is nonempty. Then via integration by parts formula

UV:/dUV+/UdV

it follows for any x; € X that

By nlu](t, to) Ee[ul(t, to) = /t u;i (1) Eplul(7, to) Eelu](t,to) dT+

t
/ u; (T) Egylul(T,t0) Ee[u](T,t0) dT
to

= P w 4 (win) w ) [u](t,t0)

= E((EZT]) Ll §[U] (t’ to)a

where £ = z;¢'. Hence, by induction, the identity holds for all words
7, g € X™. |

The vector space £(R(X)) thus forms an associative and commuta-
tive R-algebra with product E,FE, = E, , ; and multiplicative identity
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element F; = 1. It will be shown in Chapter 3 (see Theorems 3.5 and
3.38) that the mapping

p: E(R(X)) - R(X)
By, —p

is well defined and bijective. Thus, this R-algebra is isomorphic to the
shuffle R-algebra on R(X) since

P(Equ) = P(Ep L q) =puwgq
= p(Ep) wp(Ey)

for all p,q € R(X) and p(E,) = 1. This shuffle isomorphism, or more
precisely its extension in Chapter 3 to R*((X)), means that the shuffle
product underlies any calculation that involves the product of iterated
integrals. As will be seen shortly, this happens naturally when input-
output systems are interconnected.

The section is concluded by describing how the left-shift operator
interacts with the shuffle product.

Theorem 2.5 The left-shift operator acts as a derivation on the shuf-
fle product, i.e., for c,d € R((X)) and x € X

;N ewd) =2, (c) wd + cwryt(d).

Proof: First consider the identity when restricted to words n, & € X™.
If either word is the empty word then the claim is trivial. If n, £ € X
then let n = z;7" and § = z;£ and observe for any z;, € X that

w (nwé) = (@i w) + zi(nwd))
= 0pi(n w&) + Oj(nw’)
= (Okin') w & 4+ 1w (05€")
= (n) w&+nwa (6,

6ij:{1:z:]

0 : otherwise.

where

Now in the general case,

ot cwd) = > (en)(d. &)y (nwé)

n,EEX™
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Vi x Vs > Vi ® Vs

V3

Fig. 2.3. The commutative diagram for the mappings B and £ in Definition 2.10.

= > e Ou' mwe+ Y (en)dnwa(©)

n,geX* nEeX
=2 (c) wd+cwar(d).

2.5 Catenation-Shuffle Product Duality

In this section, a duality is presented between the catenation product
and the shuffle product when each is viewed as a linear mapping on
a tensor product space. A few preliminary concepts need to be estab-
lished first before the precise sense of this duality can be described.
Let V1, V4, and V3 be three arbitrary vector spaces over R. Consider
an R-bilinear map of the form B : Vi x Vo — V3, that is, a map where

B(aw + fz,y) = aB(w,y) + fB(x,y)

B(z, oy + fz) = aB(z,y) + BB(z, z)
for all o, 5 € R, w,x € V] and y, z € Vo. In this context, consider the
following definition.

Definition 2.10 The tensor product space Vi ®Vs is another vector
space on which there exists a unique R-linear mapping L : Vi@ Ve — V3
such that

B(z,y) =L(z®y), YeeV,yeVs (2.8)

(see Figure 2.3).
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Example 2.19 Let V; = V5 = R? and V3 = R with their usual R-
vector space structures. For any matrix A € ]RQXQ, a corresponding
R-bilinear mapping of the form R? x R? — R is

B: (xvy) = xTATy = a11T1Y1 + a21x1Y2 + a12T2Y1 + a22T2Y2

T1Y1
T1Yy2
T2Y1
2Y2

= an an aip azy |

= vec(4)" (z @ y),

where vec(-) is the matrix column stacking operator, and ® is the
Kronecker matrix product. Therefore B can be made to look like a
map of the form R* — R in which

rRy+roy=(z+2)®y (2.9)
r@yt+zey =z Yy+y) (2.10)
alr®@y) = (az) @y =z (ay) (2.11)

for all z,2',y,y € R? and a € R. Taking e; = [10]7 and e3 = [01]7
as a basis for R?, a corresponding basis for the vector space R? ® R? is
{e1 ®eq,e1 ® ez, 69 ®ep,e2 @ ea} so that

2
TRy = Z ziyj(e; ® €j). (2.12)

ij=1

In this coordinate system, vector addition and scalar multiplication
are defined in the usual way to provide an R-vector space structure for
R? @ R2. Tt is then straightforward to verify that

L:RPoR* =R
cx @y vee(A) (z @) (2.13)

is an R-linear map satisfying the identity (2.8) (see Problem 2.5.1).

Next consider the following two concepts.

Definition 2.11 A scalar product on an R-vector space V is an
R-bilinear mapping (-,-)y : V x V. — R with the following properties:
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i. (z,x)y >0,Ve eV
it. (z,x)y =0 if and only if t =0
iii. (z,2")y = (¢/,2)y, Vo, 2’ € V.
Example 2.20 Suppose V; = R? with the scalar product (z,2')y, =

xTa’. Observe from the previous example that (2.12) can be written

as
2

TRY = Z(ﬂﬁ@yv@i@e]’)@i@@j,
ij=1

where (z ® y,e; @ ¢;) := (z1¢;)(yTe;) = x;y;. This in turn induces a
scalar product on V5 = R? ® R?, namely,

2
(z@y, 2 @y)y = Z (z®@y,e; @e) (@ @Y, e; @ e;)
ig=1

2

=) wmyaly)
ij=1

= (x7x,)vl (y7y/)V1'

Definition 2.12 Given any R-linear mapping T : Vi — Va, where
each wvector space has a scalar product, an adjoint of T is any R-
linear map T* : Vo — Vi which satisfies the identity

(T(x)7y)V2 - (x7T*(y))V17 Vo € Vlay € Va.

The following example illustrates that for finite dimensional spaces
such an adjoint map always exists and corresponds uniquely to the
transpose of any matrix representation of 7.

Example 2.21 Suppose V; = R"™ and Vo = R™ with the respective
scalar products

(z1,22)Rn = alexg
(y1,y2)rm = Ui ¥2.

IfA:R" - R™: 2+ y = Az for some matrix A € R™*™ then the
adjoint of A must satisfy
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(Az,y)gm = 27 ATy = (2, ATy)gn.

Therefore, A* : y s ATy, 0

The desired catenation-shuffle duality is now described using scalar
products on the infinite dimensional vector spaces V3 = R(X) and
Vo = R(X) ® R(X). Their spanning sets are taken to be X* and
X*® X* respectively, so that

(0. )vi = >, (pm)(a,m)

neXx*

PRgres,= Y, Pognen)(resnen)
nn eX*

= Y g rn)(s,1)
n,n €X*
= (p, ") (¢, 8)v; -

(Henceforth, the subscripts on these scalar products will be omitted.)
Also observe that X*® X* forms a monoid under the catenation prod-
uct (n@n)(Ex&) = (nE@n'"), which can be extended linearly so that
R(X)®R(X) is an R-algebra under this catenation product. Likewise,
one can define (n®7") W (ERE) = (Mwé) @ (N W) to yield a shuffle
algebra on R(X) ® R(X).

The catenation product and the shuffle product can now be identi-
fied, respectively, with the R-linear mappings:

cat : R(X) ® R(X) — R(X)
‘p®q—pq

sh: R(X) ® R(X) — R(X)
pR®qgr—pugq.

The corresponding adjoint mappings cat* and sh* are then R-linear
mappings of the form R(X) — R(X)®R(X) which satisfy, respectively,
the identities:

(cat(p ® q),r) = (p ® g, cat™(r)) (2.14)
(sh(p®q),r) = (p® q,sh*(r)) (2.15)
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for all p,q,r € R(X). Explicit expressions for sh* and cat* can be
derived directly from these relations. For example, given any £, v € X*
and r € R(X) it follows that
(6 w v, 7’) = (Sh(f X V)7T) = (5 X v, Sh*(T))
= (sh™(r),E®v).

Therefore,

sh*(r)= ) (sh*(r),{@v) @V

EreX*

= ) (néwr)éew (2.16)

ErveX*

A similar analysis reveals that

cat™(r) = Z (r,év) E@ . (2.17)

EreX*

Example 2.22 Using (2.16) and (2.17), respectively, observe that for
xi; € X*:
sh*(1)=1®1
sh*(zy) =2, @14+ 1@ 2y,
sh* (23, 24,) = Tiy®iy @ 1+ Tiy @ x4y + T4y @ Ty + 1@ 4,75
= (23, ®14+1Qx4)(z;, @1 +1@ z4)
= sh*(z;, )sh*(z, )

sh*(z;, - 2y ) = sh™(x;,) - - - sh™(z4,)
and

cat*(1) =1®1
cat*(zi,) =2, @1+ 1@ xy,

cat™(zi, T4,) = T, Tiy @ 1+ 24, @ 4, + 1 ® x4,

Cat*(x“:clk):x“xlk®1+1®x“xlk—k
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k—1
E xil...xij®xij+l...xik’
=1

where 1 denotes the unit polynomial 1(). Note that this last identity
above can be written in the inductive form

cat™(z;n) = (z; ® 1)cat™(n) + L ® x;n

(see Problem 2.5.2). O

The next theorem states the desired duality in terms of R-algebra
homomorphisms.*

Theorem 2.6 The adjoint map sh* is an R-algebra homomorphism
for the catenation product cat, and the adjoint map cat*™ is an R-algebra
homomorphism for the shuffle product sh. Specifically, this means that

sh”(pq) = sh™(p) sh*(q) (2.18)
cat®(pw q) = cat™(p) w cat™(q) (2.19)

for all p,q € R(X).

Proof: 1t is shown that sh* is an R-algebra homomorphism for the
catenation product by first showing via induction that for all £ > 1
and z;; € X

Sh*(xik o 'xi1> - (x’bk ®1+1® xik)Sh*(xik—l o 'xil)
= sh*(z;, )sh™ (@i, _, - - x4,). (2.20)

In which case, as indicated in the previous example,
sh*(z;, - -2y ) = sh™(x;,) - - - sh™(z4,).

Therefore, (2.18) holds for all words since the identity clearly holds if
one or both words are empty. The k = 1 case is trivial. If the claim
holds for some fixed & > 1 then it follows that

Sh*(xik_,_lxik ) = Z (xik-',-ll‘ik i, Ewv) EQV
EreX*

4 This concept will be defined more precisely in Definition 2.13.
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= Y (e anea Ewv) @Y

EreX*

= 3 (@it (6 w)+

EreX*
(2, i Ewayt ()] €@
= Z (ajik”'xinf‘—‘—’y) (xik+1§)®y+

EreX*
Z (I’Lk o 'x’i17§u—’y) €® (Iik+1y)
EreX*
= (xik+1 ® 1) Sh*(mik . 'wi1)+
(L@ @iy, ) sh™ (@i, - - w3y)
= Sh*(wik+1) Sh*(l'zk Ce xil)'
Thus, one must conclude that (2.20) holds for all £ > 1. Finally, by
linearity, sh*(pq) = sh*(p) sh*(q) for all p,q € R(X).

Next it is shown that cat™ is a shuffle algebra homomorphism. For
any 7,7’ € X*, equation (2.16) and the above result imply that

sh*(p) = > (', §ww) E@v (2.21)

EreX*

=| > mcwv)éav|-| Y. 0.&u)der

EreX* e X*
— Z (n,Ewv)(n, & W) e @/ (2.22)
EvgveX

Taking the scalar product of the right-hand sides of equations (2.21)
and (2.22) with £ ® v gives

(nn/aguJﬂ): Z (777§u_|U)(n/7§,u_,]//)(g’éél)(ﬂ7yy/),
£7V’£/7V/€X*
This identity, combined with (2.17), produces the following:
cat*(wr)= > (Ewom)ney

n,n €X*

= Z (177£|_Uy)(n/’flu_ﬂ/)(g?gg,)(ﬂ’yy,)17@77,

671771175/ 7/'7,?ZIIGX*
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= Z (5755/)(57VV/)'

g v eXs

Y méwvyne | > 0. &w)y

nex* nex*
= > () Eur)® (€ wy)
g vexs

= Y Ehced|u| > mw)ved
£,§eX v eX*

= cat”(§) wcat™(v).
Again by linearity, this last equality holds for all p,q € R(X). [ |

This basic duality theory can be generalized in several useful ways.
First consider the tensor product space

R(X)®* .= R(X) 9 R(X) ® - - - @ R(X),

where R(X) appears k& > 1 times on the right-hand side. Define the
k-shuffle product

shy, : R(X)®F - R(X)
P11 ®Pr - QP prwPo i - W Pi.

A straight forward generalization of Theorem 2.6 gives
shi(q1g2 - - qo) = shi(q1)shi(q2) - - shy.(qe),
where shy(-) satisfies
(Prowpew -+ wpg,q) = (pL @ p2--- @ pr,shi(q)), (2.23)
and, in particular,
ship(z;) =2;91®--®1+102,® -1+ +101Q - Qx;.

This latter identity is written more compactly as

shi(a:) = > 2},
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where
k terms

x;@j ;:1@...@:&.@...@1.

j-th position

One can also generalize the various scalar products discussed above
to at least partially admit power series and not just polynomials. For
example, given any ¢,d € R((X)) and p,q € R(X), define

(e;p) = > (e;m)(p,m)

nex*

(c®dpog)= Y (codnen)(peqnan)
nn eX*

= Y (en)dn)p.n)(an)

n,n €X*
= (¢,p)(d, ).

Since each summation above is finite, there are no convergence issues
to consider, as would be the case if one tried to define a scalar prod-
uct on R((X)) x R((X)). In this context, all of the results presented
so far extend in the expected manner and, in fact, can be combined
with the shuffle product generalization above. A particularly impor-
tant example of this, which is used in Chapter 5, is the generalization
of identity (2.23):

(crwegu - weg,q) = (1 ®ca ® -+ @ cg,shi(q)), (2.24)

where ¢; € R((X)) for i =1,2,...,k and ¢ € R(X).

2.6 Hopf Algebras

The catenation-shuffle product duality described in the previous sec-
tion is just part of a larger algebraic picture, one involving Hopf al-
gebras. So this perspective is presented in this section. The starting
point is the standard definition of a Hopf algebra, which at first glance
seems like a rather complex mathematical object. It will then be shown
that the catenation-shuffle product duality provides two Hopf algebras,
which not unexpectedly are duals of each other in a certain sense. Next,
a canonical construction of a Hopf algebra from a group is described.
The Faa di Bruno Hopf algebra is presented as a specific example of

Edition 1.2, Copyright (© 2022 by W. Steven Gray



2.6 Hopf Algebras 65

idu o®id id®o

ARA®A A A R® A AR A AR
p®id Iz ay H o
A® A -
(a) Associative property (b) Unitary property

Fig. 2.4. Defining properties of an R-algebra (A, i, o).

this construction. This particular algebra is important as it strongly
motivates the synthesis of a second Hopf algebra which plays a central
role in the analysis of feedback systems. The latter will be presented
in Chapter 3.

First consider what it means for a set A to be a unital associative
R-algebra. Let A be an R-vector space with two R-linear maps

i A® A A,

and
oc:R— A,

which satisfy the associative and unitary properties, respectively, as
described by the commutative diagrams in Figure 2.4.> Here id is the
identity map on A, ay: k®a +— ka, and «, : a ® k — ak, where k € R
and a € A. Therefore, R® A and A ® R are each canonically identified
with A. These diagrams are equivalent to, respectively, the identities

(ab)c = a(bc), a,b,c e A
la=a=ual, a€ A,
where ab := p(a®0b) and 1 := o(1) is the unit of A. Traditionally, 4 is
called the multiplication map, and o is called the unit map. The triple
(A, u,0) is a unital associative algebra. The algebra A is said to be
commutative when ab = ba. The corresponding commutative diagram

is shown in Figure 2.5(a), where 7: a ® b — b® a for any a,b € A.
Next suppose there exist two R-linear maps

A:AS A A,

and

5 It is more traditional to use m and wu for the multiplication and unit maps,
respectively. But these symbols clash with their use in system theory.
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ARA—T 5 AR A AA+—A®A
K © A A
A
(a) Commutative property (b) Noncommutative property

Fig. 2.5. Defining the commutative and cocommutative properties.

id® A e®id id®e

ARA®A AR A R®A AR A A®R
asid 4 Be 4 Br
A®A 2
(a) Coassociative property (b) Counitary property

Fig. 2.6. Defining properties of an R-coalgebra (A, A, €).

e:A—=R

which satisfy the coassociative and counitary properties, respectively,
as illustrated in Figure 2.6. These commutative diagrams are the same
as the ones depicted in Figure 2.4 except that the directions of the
arrows have been reversed. In this case, A is called the comultiplication
map, and € is the counit map. Here 5y : a — 1®a and 3, : a — a®1 for
a € A. These diagrams are equivalent, respectively, to the identities

(id®A)oA=(A®id)o A
(e®id)o A~ (id®e€)o A,

where ~ denotes the canonical equivalence between R ® A and A ® R.
The triple (A, A, ¢) is called a counital coassociative coalgebra. A com-
mon notation known as Sweedler’s notation is useful for representing
coproducts in a calculation. It has several variations, for example,

Ala) = Y a@ @ ag) = Y o) ® o) = a) @ ag),
(a)
depending on the level of brevity desired. They all represent the sum
of all possible pieces of a € A generated by applying the coproduct A.
A coalgebra is said to be cocommutative when 7o A = A as shown in
Figure 2.5(b).
Consider now the following definition.
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Definition 2.13 A homomorphism between R-algebras (Ai, 111,
o1) and (Asg, p2,02) is any R-linear map 1 : Ay — Ay such that

Yo = p20 (YY)
1/) o001 = 09.
An analogous definition can be given for a homomorphism between

two R-coalgebras. Using either concept, one can produce the notion of
a bialgebra as described next.

Definition 2.14 The five-tuple (A, i, 0, A, €) is called an R-bialgebra
when A and € are both R-algebra homomorphisms.

Specifically this means that the mapping A : A — A ® A must
be an R-algebra homomorphism between the R-algebras (A, u, o) and
(A® A, paga, 0aga), where °

paga: (ARA)R(A®RA) - AR A

t(a1 ®ag) ® (a3 ® ag) — plar ® az) @ plaz @ ag)
oapA " ROR - A® A

Dk ® ko o(k1) @ o(kz).

In which case, it follows directly that

1. Aop=pagac (AR A) = (p@u)o(id®7®id) o (A® A)
2. Aoco=o0ppa=0R0

(see Problem 2.6.1). Similarly, € : A — R must be an R-algebra homo-
morphism between the R-algebras (A, u, o) and (R, pr, or). Therefore,

3.eopu=pro(c®e) =c-¢
4. cooc=orp =1.

Note that properties 1 and 2 can be expressed in terms of the commu-
tative diagrams shown in Figure 2.7, and, likewise, properties 3 and 4
are shown in Figure 2.8. They are often written in a more abbreviated
notation as:

1. A(ad") = A(a)A(d'), a,d’ € A
2. A1)=1®1

3. €(ad’) = e(a)e(d’), a,d’ € A

4. eoo(k) =k, ke R.

5 In the definition of oaga, R ® R is being identified with R via the mapping 3.
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id®@T®id

AQARARA ARQARARA
HARA
ARA HRp
A®A " A 4 A® A
(a) Property 1
A® A 787 R®R
A B
A 7 R

(b) Property 2
Fig. 2.7. Commutative diagrams describing A as an R-algebra homomorphism.

eRe

A®A R®R A+——R
I3 HR € 1
A ' R R
(c) Property 3 (d) Property 4

Fig. 2.8. Commutative diagrams describing € as an R-algebra homomorphism.

If instead one introduces the notion of an R-coalgebra homomorphism
as suggested above, then an equivalent characterization of a bialgebra
is one where p and o are both R-coalgebra homomorphisms, yielding
properties 1 and 3, and properties 2 and 4, respectively. That exercise
is left to the reader.

To complete the development of the Hopf algebra definition, con-
sider the set of all R-linear maps taking vector space A back to itself,
denoted by End(A).” Given two arbitrary f,g € End(A), the Hopf
convolution product,

fxg=po(f®@g)oA,

defines another element of End(A). The following theorem is central
to the theory

" Such maps are called endomorphisms on vector space A.
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S®id

AR A AR A
/ \
A < R 7 A
A oS /

A A 49 A® A

Fig. 2.9. Commutative diagram describing the antipode, S.
Theorem 2.7 The triple (End(A), x,¥) forms an associative R-algebra
with unit 9 = o oe.

Proof: The associativity of the convolution product follows directly
from the associativity of pu and the coassociativity of A:

fr(gxh)=po(f®@(g*h))oA
=po(f@(uo(g®@h)od))o
=po ((1d®u)(f®(g®h))(ld®A))0A
=po((p®id)((f®g)®@h)(A®id))o A
=po((po(f®g)oA)®@h)o A
=po((frxg)®@h)oA
= (fxg)*xh

To show that ¥ is the convolution unit, it is necessary to use the counit
identity (id ® €) o A =id ® 1 (see Figure 2.6(b)). Observe that

fr=po(f®(coe))oA
=po(([deo)(f®l)(id®ec)oA
=po((d®o)(f®1)(id®1)).

Thus, for any a € A

(f*9)(a) = p((id@o)(f @1)(a®1))
= u(f(a) ®1)
= fla)1
= f(a).
Likewise, ¥ x f = f. [ |

Finally, an element S € End(A) satisfying
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Sxid =id xS =¥ (2.25)

is called an antipode of the bialgebra. The corresponding commutative
diagram is shown in Figure 2.9. Equation (2.25) implies that S is the
convolution inverse of id, so formally

S=id*'=@wW—-@—-id) =09+ i(ﬁ —id)**, (2.26)
k=1

It can be shown that when an antipode exists, it must be unique. It also
follows that S(1) = 1 and S(ad’) = S(a')S(a) for any a,a’ € A (see
Problem 2.6.3). This final bit of structure culminates in the definition
below.

Definition 2.15 The siz-tuple (A, p,0, A€, S) is an R-Hopf alge-
bra if it is an R-bialgebra with an antipode.

Two R-Hopf algebras can be introduced on R(X), one associated
with the catenation product and the other with the shuffle product.
They are duals of each other in the sense described by Theorem 2.6.
First, the relevant R-bialgebras are described.

Theorem 2.8 (R(X), cat,o,sh*, €) is a noncommutative cocommuta-
tive R-bialgebra, where

c:R—->R(X): k—kl
e:R(X)—=>R:p— (p,0).

Likewise, (R(X),sh, o, cat*, €) is a commutative noncocommutative R-
bialgebra.

Proof: The defining properties are easy to check. As an example, con-
sider the bialgebra (R(X), cat, o,sh*,€). Here it is necessary to verify
that sh* and e are R-algebra homomorphisms. Specifically, this means
that the following identities must be satisfied:

1. sh* o cat = (cat ® cat) o (id ® T ® id) o (sh* @ sh*)
2.sh*oo=0®0

3. cocat =¢€-¢
4. €eoo =1,

Edition 1.2, Copyright (© 2022 by W. Steven Gray



2.6 Hopf Algebras 71

where

cat : p®q — pq
sh* :r — Z (r,éwr) Q.

ErveX*

The details of each calculation are presented below.

1. On the left-hand side, using Theorem 2.6, observe that

sh*(cat(p ® ¢)) = sh*(p ) 1" (p) sh*(q)
vEov Y (@fwr)Eer

Z
veX* e X*
>

(p, € wv)(q, 8 wi') & @/,

gt veX

While on the right-side, one has

(cat ® cat) o (id ® T ® id) o (sh* ® sh*)(p ® q)
= (cat ® cat) o (id ® 7 ® id)(sh*(p) ® sh™(q))

= (cat ® cat) o (id ® 7 ® id) Y fwr)(g.§ W)
g veX*

Eret e

=(cat@ecat) [ > (p,E&wr)(q.& W)

§7V7§/7VIEX*

ERErel

= > (p&ur)(gdwr) e on

§7V7£/7V/€X*

Hence, the first identity is satisfied.
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2. Here the left-hand side evaluates to

(sh* o o) (k) = sh* (k1)

= ) (kL {wr){@rv=k1®1)=kl®L
ErveX*

As expected, the right-hand side gives
(c@o)(k®l)=0ck) ®o(l) =kl®1.
3. In this case, the left-hand side is

(eocat)(p®q) = e(pg) = (pg, V) = (p,0)(q,0).

While the right-hand side is

(e-€)(p,q) = e(p)e(q) = (p,0)(q,0).

4. This identity is especially simple. Observe
(eoo)(k) =e(kl) = k.

It is obvious that the algebra (R(X),cat,o) is not commutative. To
see that (R(X),sh*, €) is cocommutative observe from (2.16) that for
any r € R(X) that

Tosh*(r)=r1 Z (r,éwr) Qv

EreX*

= Y (nEwr)reg

ErveX*

= Z (’I“,I/Luf)l/®§
EreX*
— sh*(r).

The analogous arguments regarding the bialgebra (R(X),sh,e,
cat™, o) are left to the reader to verify. [

Next, the corresponding Hopf algebras are described.
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Theorem 2.9 (R(X), cat,o,sh*, ¢, S) is a noncommutative cocommu-
tative R-Hopf algebra, where the convolution product is

f*g:R(X) = R(X)
p—= Y (pnwé) Fmg(©),

n,§EX*

and S is the unique R-linear map satisfying
S(xi1$i2 o CCzk) = (—1)kxikxik_l STy

for every m; xi, - -z, € X*. Likewise, (R(X),sh,o,cat* e, S) is a
commutative noncocommutative R-Hopf algebra, where the convolution
product is

f+g:RX)— R(X)

n,§EX*

and S is as above.

Proof: Regarding the first claim, it is first necessary to verify that

frg:=(cato(f@g)osh’)(p)= > (p,nw&) f(n)g(&).
n,eX*
Recalling that
sh*(p) = Y (pmwének,

n,geX*
it follows directly that

(feg)osh)(p) = > (p,nwé) f(n)@g(6).

n,§EX™

Whereupon the desired equality follows immediately. The only remain-
ing task is to verify that I xS = S %I = o oe. Since in this case,
(coe€)(p) = (p,0)1, Vp € R(X), and, for example, I x S is R-linear, it
is sufficient to show that

(IxS)(1)=1, (IxS)(v)=0, Wwe X™.

The first identity is trivial. The second identity follows from induction.
Observe that any x; € X
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(I S)(xi) = Y (winwé&)n(-1)k¢E

nEeEX™
= z;(-1)°1 + 1(—1)'ay
= O,
where §~ denotes £ with the letters written in reverse order. Now assume

the identity holds for all words up to some fixed length k£ > 0. Then
for any z; € X and v € X*

(IxS)(zw) = Y (zrvnwé)n(-1)*E

n,EeX™
= Y a7 (mwd))n(-1)kl¢
n,EeX™
= Y () wdn(-1)kle+
n,EeEX™
Y wmwaH(€)n(-1)klE
n,£eX*

=i | 3 wnwen(-19E) -

N, EX™

Y. wnwon(=nkle)

n,§eX*
=x;(I*xS)v)— (I*5)(v)x;
=0.

The claim regarding the second Hopf algebra is left to the reader. The
identity from Problem 2.4.3(d) is useful in this case. [ ]

The following lemma provides an interesting interpretation of the
antipode in the context of iterated integrals defined for m functions
which are absolutely integrable over [0,7], denoted here by L7*[0,T]
This identity will reappear later in Section 5.4 when Chen series are
introduced.

Lemma 2.4 Let X = {x1,22,...,2p}. For any given uw € LT[0, T
and fized t € [0,T] define the input function ug;(T) = —ui(t — 7) on
[0,t] fori=1,2,...,m. Then for any n € X* it follows that

ES(n) [u] (t7 O) = Eﬁ[us} (tv 0)
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Proof: The claim is trivial when n = (). In the case where 1 =
T Tip 4 * " Tiy, Observe:

ES(xikwik71~--xi1)[ ](t 0) ( )k Tiy Tig xzk[ Kt 0)

/ / / wiy (T1) Uiy (T2) - -

uzk Tk didi 1 dTl

/ / Wiy (1) - - iy, (i)

U(ry — 72) -+ U(rg—1 — 7%) d7gp - - - d71,

where U denotes the unit step function

1:t>0
U(t):{oztzo.

Interchanging the order of integration gives

ES(n)[U](t,O):(—1)k/0t/T:.../T:uil(ﬁ)%(m)...

uzk(Tk) dTldTQ cee di.

Finally, substituting ¢t — 7 for 7 followed by t — 75 for 19, etc., yields
the desired result, namely,

1(£.0) / / / iy (= 7))~ (t = 7)) -

—u;, (t — 7)) dmidry - - - dy
= ET][ S] (t> O)'

In some cases it is possible to introduce additional structure on a
bialgebra A to guarantee that it has a well-defined antipode, and thus
is a Hopf algebra. The following definitions are essential in this regard.

Definition 2.16 An R-bialgebra (A, u, o, A, ¢€) is filtered if there ex-
ists a nested sequence of R-vector subspaces of A, say Ay & Apy &
-+, such that A = Up>0A () and

Edition 1.2, Copyright (© 2022 by W. Steven Gray



76 2. Formal Power Series

3

Adm) € 24w @ Ap-p-
=0

The collection { A, }n>0 is called a filtration of A.

Definition 2.17 An R-bialgebra that is filtered such that Ay = o(R)
is said to be connected.

Definition 2.18 An R-bialgebra is graded if there exists a set of R-
vector subspaces of A, say {An}n>0, such that A = &p>0A, with

AiA; C Ay, AA, C @Ai ® An—i,
=0

and €(A,) =0, n > 0.

Definition 2.19 Let A be an R-bialgebra. An element g € A is
group-like if e(g) = 1 and Ag = g®g. If A has only one group-like el-
ement, then any other element a € A is primitive if Aa = a®g+g®a.

A number of useful results follow from these definitions. For ex-
ample, if A has a grading {4, },>0, then a natural filtration of A is
{A(n)}nzo, where

A = DA
=0

Furthermore, if Ag = o(R) then A has only one group-like element.
Perhaps the most important aspect concerning a connected bialgebra
is a key property of its coalgebra. If

AT = kere, A(tl) =ATnN A (2.27)

then for any a € A?;l) it follows that

Ac=a®1+1®a+ Aa, (2.28)

where the reduced coproduct A'a € A&,l) ® A&,l) (see Prob-

lem 2.6.4). This leads to the following central result.

Theorem 2.10 Let (A, pu,0,A,€) be a connected R-bialgebra. Then
(A, p,0,A,¢, S) is an R-Hopf algebra, where the antipode is given on
AT by
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Sa =—a— Z(Sal(l))a’@), (2.29)

or alternatively,
—a — Z af(l)Saf(z) (2.30)
with A'a = Za'(l) ® a’(z) being the reduced coproduct in Sweedler’s

notation.

Proof: 1Tt is first shown by induction that if a € Azrn) then the series
representation (2.25) for Sa is finite, specifically,

n
9+ (¥
k=1
Therefore, since antipodes are unique, this must be the antipode for

all of A. The claim clearly holds when a € A since (¢ —id)1 = 0. If
a € AT observe that for any k > 2

(¥ —id)*(a) = [(¥ — id) » (9 — id)** " !])(a)
= pu[(¥ —id) ® (¥ —id)* ] Aa
= pl(0—id)® (9 —id)* (a®1+1®a)
=0

since again (¥ —id)1 = 0. Now assume the claim holds up to some

fixedn>1.Ifa € A?;ZH) then

(0 —id)*" 1 (a) = p[(¥ —id) ® (¥ —id)*"|(a @1+ 1 ® a+ A'a)
= p[(¥ —id) ® (¥ —id)*"|Aa
=0,

where the induction hypothesis was used to arrive at the final equality.
Therefore, the result holds for all n > 0.

Having established that the bialgebra is a Hopf algebra, it is shown
next that S has the recursive forms given in (2.29) and (2.30). The
focus will be on the first formula, the other one follows similarly. The
case where a € Aa) is trivial. Assume the identity in question hold up

to some fixed n > 1. Then for a € Arf 1 Observe

Sa = (¥ —1id) a—l—z —id)a
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where the induction hypothesis is employed to get the last equality.
This proves the final part of the theorem. [ |

One way that Hopf algebras naturally arise is in the context of
groups. Suppose V is a finite dimensional vector space over R. Let
GL(V) denote the general linear group on V', namely, the group of all
invertible R-linear maps taking V' back to itself. A group G with unit

1¢ is said to have a representation if there exists a group homomor-
phism 7 : G — GL(V), that is,

m(g99") = m(g1)7(92), Ya1,92 € G. (2.31)

The representation is faithful if 7 is injective. Given some fixed basis
for V., A =m(g) is an invertible matrix with real coefficients. In which
case, there exists a set of coordinate functions of the form a;; : G — R.
This collection of functions, R(G), forms a commutative algebra under
pointwise defined operations, for example,

(agjaw)(9) == aij(9)awm(g), Vg € G.

From (2.31) and the definition of matrix multiplication there is a well
defined coproduct

A: R(GQ) = R(G) @ R(Q)
D Qg Z(lik ® Q-
k

It can be shown that R(G) constitutes a commutative R-Hopf algebra,
H, where the unit, counit, and antipode maps are given, respectively,
by o(1) =1 with 1(g9) =1, Vg € G, €(a;5) = a;j(1¢), and

Edition 1.2, Copyright (© 2022 by W. Steven Gray



2.6 Hopf Algebras 79

Saij(g) = aij(¢7 "), Yg€G. (2.32)
For any g € G one can define an R-linear map &, : H — R via
Dy + aij = aij(g),
and @4(1) =1 so that
Dy(aijan) = aij(9)ari(g) = Pg(ai;)Py(ar).

These are usually called the characters of the Hopf algebra, and they
form a group under the Hopf convolution product. Specifically, the
group product satisfies

(@gl * ¢92)(aij) = Mo (¢91 ® ng) ° Aaij
= Z gﬁgl (alk) égz (akj)

k

= ain(g1)arj(g2)

%
= aij(9192) (2.33)

(apply (2.31) in the final step), and the identity element of the group
is @1,,. In addition, from (2.32)

By1(aij) = aij(g~") = (Sai;)(9)
= (&40 9)(aiy) =: 5 (ai). (2.34)

In which case, the bijective map 1 : g — P, is a group isomorphism
between G and the character group.

A specific example of this construction is the Faa di Bruno Hopf
algebra. The name refers to the well known Faa di Bruno formula from
calculus which describes the composition of two functions in terms of
their Taylor series. Let f. and f; be two functions with convergent
Taylor series about the point z = 0 having the property that f.(0) =0
and f4(0) = 0. In which case,

n n n n
z z
fe2) =D e =, falz) =D d(n)—. (2.35)
n=1 n=1
It is further assumed that these functions are normalized in the sense

that ¢(1) = d(1) = 1. Tt is easy to show that the composition feoq :=
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feo fq has the same nature as f. and fy, namely, it has a convergent
Taylor series representation

feoa2) = S (e 0 d)(m) 5,
n=1 :

for some set of coefficients (cod)(n) € R, n > 1 with (cod)(1) =1, as
does the composition inverse of any such function, for example, f. 1,
where f:lo f. = f.o f-! =TI with I(2) := 2. In which case, this class
of functions forms a group G pgp under composition. The well known
Faa di Bruno formula provides the Taylor series coefficients of f.oq,
specifically,

" (k) !k d(1)71d(2)72 - - - d(n)n
(Codn) =2 T 2 G (a2
where the second sum is over all ji,j2,..., 5, = 0 such that j; + jo +
<o+ Jp =k and j1 + 2j2 + - - + njp = n.

To construct the underlying Hopf algebra, first let Ry, [[X]] be the
set of all proper series over the alphabet X = {z}. Now identify a
given Taylor series f.(z) = ), -, c(n)z"/n! with its corresponding
formal power series ¢ € R, [[X]]. Let ¢ o d denote the formal power
series corresponding to the function f.o fy, where f. and f; are given
in (2.35). For any n > 1 define the coordinate function

an : Ry [[X]] = R
s (e, 2") = c¢(n).

As described above, the set of these real-valued mappings defines an
R-vector space, H, and a commutative algebra where the product is
given by

U ap @ Qy —r Qpam,

with unit a; ~ 1.8 Given that the underlying group representation
of Gryp associated with this Hopf algebra is not finite dimensional
(see Problem 2.6.5), Theorem 2.10 will be utilized to ensure that the
construction is successful. The degree of a,, is defined to be deg(a,) =
n—1,n > 1, and deg(anan) = deg(a,) + deg(ay,). Therefore, H =

8 Here 1 is the unit of a new algebra and should not be confused with the monomial
10 by the same name, which was the unit for the catenation and shuffle algebras.
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®n>0Hy,, where H,, denotes all elements of degree n, constitutes a
grading of H. Since Hy = R1, this grading is connected. The key idea
is that (2.36) can be used to define a coproduct on H:

Aay(c,d) = an(c o d) = (cod,z")
nk! dl (d)a2(d) - - - alr (d)
; Z i (11!)]1 (;l) 2 ... (n')]n

Jilgel -+ jn!

_ Z 1 nlk! ap ® a]lla%2 calr (c.d)

KL bl jal (17207 ()0

For example, the first few coproducts ordered by degree are:

Aa; = a1 ® a1

Aa2:a1®a2+a2®a%
Aa3:a1®a3+a2®3a1a2+a3®a:{’

Aay = ay ®a4+a2®(4a1a;>,—|—3a§)—i—a3®6a%ag—i—a4®ail

Thus, (H, u, 0, A, €) forms a connected graded commutative noncocom-
mutiative bialgebra with (1) = 1, €(a,,) = 0 for n > 1, and ¢(1) = 1.
From Theorem 2.10 it follows that this bialgebra is a Hopf algebra. In
this case, the reduced coproduct is

A/ag =0®0

A/ag = a9 ® 3as

Aay = as ® (4as + 3&%) + a3 ® 6as

and the antipode computed using (2.29) is:

Sa; = a1 (2.37a)
Sag = —a (2.37b)
Saz = —ag — S(az)3ay = —az + 3a3 (2.37¢)

Say = —ay — S(az)(4as + 3a3) — S(as)6asy
= —a4 — (—as)(4az + 3a3) — (—a3 + 3a3)6as
= —ay + 4asasz + 3a% + 6asag — 18a%
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= —ay4 + 10aza3 — 15a3 (2.37d)

Note, in particular, that in the Sa4 calculation above there is some
inter-term cancellation involving the monomial a3. If this calculation
is repeated using instead (2.30), one will observe that there is no such
cancellations ever (see Problem 2.6.6). In fact, it is known that the
number of inter-term cancellations increases dramatically with degree,
which from a computational point of view is wasteful. The cancella-
tion free right antipode formula (2.30) is known in the literature as a
Zimmermann formula. In addition, observe from (2.32) that

(San)(c) = an(c™), n>1,

where ¢! € R[[X]] denotes the generating series for f. !, that is,
f.—1 = f. . In which case, the antipode of this Hopf algebra in affect
yields a recursive form of the Lagrange series inversion formula.

Example 2.23 Consider the function f.(z) = log(l + z), where
f-(0) =0 and f/(0) = 1. Then f71(2) = e — 1 so that

52 23 A 45
fe(z)=2— o1 +2 a1 6— +24§
and
22 2B 2t P
fc—1( )_Z+*+§+E+a+

Observe that

+3(-1)° =1
az(c)
= —(=6) +10(= )()—15( 1)?=1

]
w
— — — —
<\‘XI
—
N— SN— SN— N—
I
| | |
L 2 2
N )
—~~ — —~ S~—
o o o
S~— S~— S~—
=+l
— W |
ot Q
@ ) —~
DWW T |
/\ - (=Y
\_/ SN—
+ |
P
o /—\
S \_/
/—\
\/

as expected. 0
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Finally, recall that the set of characters {&.: H - R : c € R, [[X]],
(c,z) = 1} forms a group under convolution. From (2.33)-(2.34) it
follows for n > 1 that

(Pe* Pg)(an) = ap(cod) = (cod,z")
@, an) = (San)(c) = (1, a").

Therefore, G pqp is isomorphic to the character group associated with
the Hopf algebra H.

2.7 Composition Products

Motivated by the final example in the previous section, a class of
formal power series products known as composition products is con-
sidered in this section. They all come from the same basic con-
struction process. involving two alphabet X = {xg,x1,...,2,,} and
X = {Z,#1,...,%n} and two formal power series ¢ € R*((X)) and
d € RY((X)). Mathematically there is no need for any type of compati-
bility between the parameters m, ¢, 7 and . But in many applications
there generally is some kind of natural matching requirement such as
{=m.

Definition 2.20 Fiz two alphabets, X = {xo,21,...,2m} and X =
{Zo,Z1,...,Zm}, and assume that R((X)) is an associative R-algebra
with product O and multiplicative identity element 1. The associated
composttion product is the binary operation

RE(X)) x RE(X)) — RE((X))
(c;d) > cod= Y (c;i)ijod,

where 110 d is the unique extension of
Ziod=pi(d), i=0,1,....,m
to X* given by
(T3 Zip_y -+ Tiy) od = pi,, (A)Opj_, (d)T - - - Op;, (d)

with p; : RE(X)) — RUX)) such that p;()) =1, i =0,1,...,7m and
Pod=1.

Edition 1.2, Copyright (© 2022 by W. Steven Gray



84 2. Formal Power Series

Composition products arise in many forms when systems are inter-
connected to produce new systems. Their particular form depends on
the nature of the systems involved. Whenever possible, the same no-
tation will be used, and the specific definition will be evident from the
context. It is easily verified that any composition product is R-linear
in its left argument, that is, for any real numbers o and

(ac+ pd)oe=a(coe)+ fB(doe),

but in general co (ad + fe) # a(cod) + B(coe) (see Problem 2.7.1).
Before tackling the more technical issues, such as the conditions under
which a composition product is well defined, some important examples
are introduced. These examples will appear frequently in later chapters
as they are all inspired by system interconnections.

Example 2.24 Suppose X = {z1,22,...,Zm}, X = {Z1,Z9,...,Zm},
¢ € RY(X)) and d € R™((X)). Note that number of components
series in d, namely 7, is equal to the number of letters in X. Let
d; denote the i-th component series of d, that is, (d;,&) = (d,€); for
every ¢ € X*. Consider the composition product defined by letting
pz(d) :di, 1= 1,...,77~’L, and

(Fi, @iy -+ Fiy ) 0 d = dyy diy -+ - dy, = d.
7

In which case,

cod= Z (c,7)d".

ex*
If the letters in X commute, then the composition product is written
in the exponential form

o dl
cod= Z (c,m) -
7!

nex*

(review Example 2.7). If, in addition, the letters in the alphabet X also
commute, then the power d” is taken to be the multinomial catenation
power having coefficients

i ! .
(dn) =Y (diyym) - (dig, ) %, neXx*
N1 M= ek
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This type of composition product describes function composition in
the sense described in the previous section, but in the multivariable
setting. That is, suppose U and V are two neighborhoods of the origin.
Let f, : U C R™ — Rf and fy : V C R™ — R™ be real analytic
functions with fy(V) C U and having Taylor series about Z = 0 and
z=0,

S 2
fc(Zla'ZQa" '72171) = Z (0777)5
neX*
2N
fd(217227' . 7Z7n) = Z (d7n)ﬁ7
nex-

respectively. Here ¢ € Rf[[f(]], and d € R™[[X]] is assumed to be
proper, i.e., f4(0) = 0.2 The composite function f.o f; corresponds to

setting Z; = fq(2), 4 =1,2,...,m. By direct substitution observe
feo fa (Z)
_ 27
=D (i3
~ X* 77
ne Z=fa(z)
_ Z (c,7) fd7i1(z) e fd,ik(z)
’ !
jexX* n
- ]_ an an
= > (e;1) = > (diy,m)— | -+ > (diy> M) —
feEX* " [meX™ n N EX™ I
- ]_ an . an
= Z (0,77)7, Z (di1>771)"’(dika77k)ﬁ
HEX* K L715 €X e
1 77' 2N
=Y ez [ | Y. am) - (diym) ———— |
fex+ T nex Lnm=n ek
1 - 2N
= Z (C’ 77)7' Z (dnﬂ?)*‘
feX* " 2 "

9 Otherwise, it is more natural to write f. as a Taylor series about Zo = (d, §)) so
that f.(20) = (¢, 0), i.e., this value is not determined by an infinite sum.
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=Y | S endng| 5

neX* | peX*

Zn
= Z (Codﬂ?)a

nex*
= fcod(z)'

In which case, f. o f; = feoq- So the underlying composition product
for the commutative alphabets X and X is that induced by function
composition. 0

Example 2.25 In this example, the situation is mixed. One alphabet
is commutative, while the other is not. Let X = {zo,z1,...,2Zm},
X = {&1,%2,...,%n}, ¢ € RY[X]] and d € R™*((X)). If p;(d) = d;,
i=1,...,m, and

(iili.ig"'-%ik)od:dil\—l—ldiQU_I LUdik — W
7
then )
cod=Y (ei) o
nex*

This type of composition product describes the interconnection of an
integral operator E, € £(R(X)), as described in Section 2.4, followed
by a function f., specifically, f. o E, = E.p. The composite system
will be called a Wiener-Fliess system in Chapter 3, where in general
the polynomial p can be replaced with a formal power series d to
produce a well defined map Fy. A special case of such compositions is
the class of state space systems considered in Chapter 6. In this case,
Fy will represent the solution to the state equation, and f. will be the
output function. So the mapping from input to output is given by the
composition f.o Fy= F.oq. 0

Example 2.26 This example describes a type of composition product
involving only a single noncommutative alphabet, X = {zg,z1,...,
Ty }. Suppose ¢ € RY((X)) and d € R™((X)). Define the family of
linear operators
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Ya(zi) : R((X)) = R((X))

e — -%'O(di L 6), (2.38)
i=0,1,...,m with dg := 1. Extend the definition inductively to words
by letting

Ya(zivs) = Pa(xi) @ Yalz;),
where ‘@’ above denotes operator composition, and ¢4(0) := id. Since
this product is associative and R-bilinear, in effect 1y is a continu-
ous (in the ultrametric sense) algebra homomorphism mapping the
associative algebra (R{(X)),cat,1) to the associative operator alge-

bra (End(R((X))), e,id). In this setting, define a formal power series
composition product by setting p;(d) = ¥q(z;)(1), i =0,1,...,m, and

(@i @iy, -+ xiy) od = g(xi,) @ Ya(s,_,) - @hg(xs)(1)
= ¢d(‘rikxik71 gy ) (1).

Therefore,

cod= Z(c,n)nod

nex*

= > (e;m) dalm)(1).

neX™

This type of composition product describes the composition of two
integral operators in the class £(R(X)). Namely, if E,, E, € £(R(X))
then E, o F; = E).,. For example,

(Ezl o Eﬂcl)[u] = Ewl [E€E1 [UH = Exozl [’LL],
and in fact
r1o0x1 = %1 (1’1)(1) = xg(ml L 1) = ToT1.-

A variation of this product, say ¢¢ d, uses the following linear operators

¢a(zi) : R{{X)) = R{(X))
e xe+ :L‘o(dl L 6) (2.39)
fori =0,1,2,...,m with dy := 0. For example, x1 6x1 = x1 + xoT1.
This product can be used to describe the feedback connection of two

integral operators. Both of these composition products will be further
developed and applied in Chapter 3. O
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The well definedness of a composition product is considered next.
The following two theorems will cover all the examples described
above. The only difference in their assumptions is the inequalities in
their first item. If the inequality is the strict sense, then the composi-
tion product is always well defined. If not, then an additional condition
involving properness is needed.

Theorem 2.11 Consider a composition product defined by (p,0, 1),
where

1. ord(p;(d)) > ord(d), i = 0,1,...,m, d € RY((X))
2. ord(dOd") = ord(d) + ord(d'), d,d" € R{{X)).

For any ¢ € R£<<X>> and d € RY((X)) the composition cod is a well
defined series in Rz« ))-

Proof: Tt suffices to show that the family of formal power series {7 o
d} ;e is locally finite, and hence, summable. For a fixed d € RE((X))
defined the integers r; = ord(p;(d)) — ord(d) > 0,i=0,1,...,m, and
r = min; 7; > 0. Then given any word 7 € X

ord(ﬁ o d) = Ord(jik«%ik_l ce jil Od)
~—_—

n
= ord(pi, (d)Opj;,_, (d)D - - - Op;, (d))

k
= >_ord(pi;(4))

> || (ord(d) + 7).

Since ord(d) +r > 1, ord(770d) increases at least proportionally as the
length of 7 is increased. So for a fixed £ € X™ the set

14(8) == {fj € X*: (fod,&) # 0}

must be finite since (770 d, &) = 0 when the length of 7 is such that

7] (ord(d) +7) > [¢].
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In which case, the family in question is locally finite. [ |

Theorem 2.12 Consider a composition product defined by (p,0,1),
where

1. ord(p;(d)) > ord(d), i = 0,1,...,7m, d € R{((X))
2. ord(dOd') = ord(d) + ord(d'), d,d" € R{{X)).

For any c € RZ<<X)> and a proper d € RY((X)) the composition cod
is a well defined series in RY((X)).

Proof: Following the same logic as in the proof of the previous theo-
rem, one can conclude here that

ord(n o d) > || ord(d).
Since d is proper, ord(d) > 1. In which case,
Ia(§) = {i € X" : (Nod,€) # 0}
is finite since (77 o d,€&) = 0 when the length of 7} is such that
7| ord(d) > [¢].

This proves the theorem. [ ]
Example 2.27 Suppose p;(d) = d;, i = 1,2,...,m as in Exam-
ples 2.24 and 2.25. Clearly, ord(p;(d)) = ord(d;) > ord(d) as required
by Theorem 2.12. Furthermore, the catenation product and shuffle
product both satisfy item 2 in Theorem 2.12 (see Lemma 2.2 in the

latter case). Therefore, the corresponding composition products are
well defined if d is proper. O

Example 2.28 Consider the first composition product defined in Ex-
ample 2.26. From Lemma 2.2 it follows that for any e € R((X))

ord(vg(z;)(e)) = ord(d;) + ord(e) + 1.
Therefore,

ord(p;(d)) = ord(¢4(x;)(1)) = ord(d;) + 1 > ord(d), i=0,1,...,m.
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Furthermore,

ord(ya(:) e ¢a(x;)(1)) = ord(zo(di v (z0(dj 1 1))))
=ord(d;) + 1 +ord(d;) +1

= ord(¢g(z)(1)) + ord(va(z;)(1)).

In which case, Theorem 2.11 applies, and the composition product cod
is well defined everywhere on R‘({(X)) x R™((X)). 0

The next theorem gives conditions under which a composition prod-
uct is associative. Of course, this only makes sense if the composition
is defined for two series coming from the same underlying set. The
theorem is stated here under the simplifying assumption that all the
series are coming from R{(X)) with X = {z¢, z1}. It can be stated and
proved in a much more general setting, like that of Definition 2.20, but
this only complicates the notation while obscuring the fundamental
idea.

Theorem 2.13 Consider a composition product defined by (p,0, 1)
on R((X)) x R((X)) with X = {zo,x1}. If for every c,d,e € R{(X))

(cOd)oe = (coe)O(doe), (2.40)
then the composition product is associative.

Proof: 1t is first shown by induction that for any word n € X™* and
series d, e € R((X))

(nod)oe=mno(doe).
If n = () then directly
(lod)oe=1oe=1=0o(doe).

Now suppose the claim holds for words up to some fixed length k& > 0.
Select any z; € X, € X* and observe from Definition 2.20 and (2.40)
that

((zin) od) oe = ((ziod)B(nod))oe
= ((ziod)oe)B((nod)oe).
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Applying the induction hypothesis and Definition 2.20 one more time
gives

((xin)od)oe = (z;0(doe))O(no(doe))
= (@) o (doe).

Hence, the proposed identity holds for all n € X*. Finally, for any
c € R{(X)) it follows that

(cod)oe=| D (emnod|oe= Y (cn)(nodoe

nex* nex*
= Y (emno(doe)=co(doe).
nex*
Therefore, the composition product on R{(X)) is associative. ]

Example 2.29 Consider the composition product defined in Exam-
ple 2.24. In this case, the product O corresponds to the catenation
product, which is bilinear, and p;(d) = d;. Therefore, it is sufficient to
check a reduced version (2.40), namely,

(nBg)ce=(noe)D(§oe), 1§ € X" (2.41)

Observe that if n = z;, ---x;, and { = xj, - - -, then

(775) ce = ((‘xlk ’ "xi1)(xje ’ "xj1)) ce
pi(€) -+ pir (€)pj,(€) - -~ pj, (€)

€if, " iy €y €y

(pi(€) -~ piy () (pj,(e) -~ pj, (€))
(noe)(§oe).

Hence, this composition product is associative, which comes as no sur-
) 9

prise since it is induced by function composition, which is well known

to be associative. O

Example 2.30 Consider the first composition product defined in Ex-
ample 2.26. Here O is effectively operator composition on End(R((X))),
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which is R-bilinear, and p;(d) = ¢4(x;)(1), ¢ = 0, 1. So again it is suf-
ficient to check (2.41), which in this case is

(tha(n) @ ¥a(§)(1)) 0 € = VPdoe(n) ® aoe(€)(1). (2.42)

Suppose, for example, that n = £ = ;. Then, using the identity in
Problem 2.7.7(d), it follows that

(Ya(x1) @ a(21)(1)) 0 € = (2o(dy o (wo(dr 1)) o€
= Io((dl (¢] 6) L (xo(dl o 6))
= wdoe(«rl) ° wdoe(ml)(1)7

which is in agreement with (2.42). The general case can be proved
by induction, and thus, this composition product is associative (see
Problem 2.7.4).

In contrast, the second composition product in Example 2.26 does
not satisfy the condition (2.41) and is in fact not associative. Contin-
uing the earlier example, it is evident that

~ ~ 2
(x106x1) 021 = &1 + 23021 + T[T,

while
x16(x10x1) =21 + 20T + x%ml.

0

The section is concluded by developing a bit further the first com-
position product described in Example 2.26. As indicated earlier, it
will appear shortly in the context of system interconnections. In the
analysis that follows, it is useful to write an arbitrary n € X* in the
form

n=ay w,xy" @y g @, g, (2.43)
where i; # 0 for j = 1,..., k. In which case,
nod=1pa(zg") e Ya(wi,) e balzg" ") @ alzi, ) e+
© Ya(zq") @ Ya(wi,) @ Ya(p?)
= g [y gt iy gy o] )

ik—1

It is easily verified that
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k
ord(nod) =ng+k+ Z n; + ord(d;;)
j=1
l=[nlg
=+ > ord(d;) (2.44)
j=1
> nl 4 (Inl = |nlg,) ord(d). (2.45)

Alternatively, for any n € X*, one can uniquely associate a set of right
factors {no,n1, ...,k } by the iteration

i1 = xo i gy M0 = 2% dje1 # 0, (2.46)
so that n = n, with k£ = |n| — 9|4, In which case, nod = n od, where

1
mi+1od=ay " [di, i (nj o d)]

and 79 o d = z{°. Then for any ¢ € R((X)) and d € R™((X)), the
composition product can be written using the set of all right factors
as described by (2.46). For each word n € X", the j-th right factor, n;,
has exactly j letters not equal to xg. Therefore, given any v € X*:

lv]

(cod,)=Y_>"> (en)mjodv). (2.47)

=0 7=0 T]jGXi

The third summation is understood to be the sum over the set of all
possible j-th right factors of words of length 4. This set has a familiar
combinatoric interpretation. A composition of a positive integer N is
an ordered set of positive integers {a1,as9,...,ax} such that N =
ay + az + -+ - 4+ ag. (For example, the integer 3 has the compositions
1+141,142,2+1 and 3). For a given N and K, it is well known
that there are Cx(N) = (%j) possible compositions. Now each factor
n; € X%, when written in the form

= xgjmijxgj_lxijfl o 'xglxilmgo7
maps to a unique composition of ¢ + 1 with j 4+ 1 elements:
i+1=(mo+1)+ (M1 +1)+-+(nj+1).

Thus, there are exactly Cji1(i + 1)m/ = (;)m] possible factors 7; in

X% and the total number of terms in the summations appearing in
(2.47) is
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«m+1WMJ—D<<m+1

(m+ 1)1,

m m
This provides in general a very conservative estimate on the growth
rate of the coefficients of c o d.

Example 2.31 A series ¢ € RY((X)) is called linear if

supp(c) C {n € X* :np =y iz, i € {1,2,...,m}, n1,ng > 0}.
(2.48)
Since the shuffle product is R-bilinear on the vector space R¢((X)), it
follows for any n = z('z;x(° that

no (ad+ Pe) = x81+1[(ad + Be); w (]
= O[:E81+1(d7; L SCSLU) + ,8$gl+1(6i L SL‘gO)

=a(nod)+p(noe).

Therefore, if ¢ is a linear series then

co(ad+fe) =} (c;n)no(ad+ fe)

nex*

— Z a(e,n)nod+ B(e,n)noe
nex*

=alcod) + B(coe).

In other words, the composition product (2.47) in this special situation
is linear in its right argument as well as its left. 0

Additional observations regarding the composition product (2.47)
include the fact it is neither commutative nor has an identity element.
Therefore, (R ((X)),0) and (R*(X), o) form only semigroups. A sum-
mary of other useful elementary properties is given below.

Lemma 2.5 The following identities hold for the composition product

defined in (2.47):

1. 0od =0, Vd € R™{((X)).

2. co0=co:=),~o(c;xy) xg. (Therefore, co0 = 0 if and only if
Co = 0) a

3. cpod=cy, ¥d € R™((X)). (In particular, Lod =1.)

4. col=cy:= ZneX*(C’ n) :cl]nl. (Therefore, co 1 = ¢ if and only if
c=cp.)
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Here 1 denotes a column vector where all m component series are 1.

Example 2.32 Suppose ¢ = %xomlx — %azlmg and d = xzg. Observe
Yo (x0)(€) = 20(1 we) = xpe and Py, (x1)(e) = zo(zo we) so that

SO 0 0 = ey (70) & g (1) # Yo (20) (1)
1 2
= *CIZO(LL’O L $0)

2

and

$0108 000 = iy (11) # Uy (30) @y (30) (1)
1

= gl’o(.ﬁo L $3)

1
= §$0(3$8)

-

Therefore, cod = 0. That is, it is possible to have cod = 0 when both
c and d are not zero. O

Example 2.33 Let X = {z¢, 21} and consider the two linear series ¢
and d with (¢, z('z12(°) = (d, (' z123°) = 0 for all ng > 0. Then

cod= Y () nod

nex*

S .
= Z(c7 whry) xhd
1=0
[oe]

= Z (¢, zh21)(d, xéxl) xéﬂﬂxl.

4,7=0

For any k > 1 observe

(cod,abe) = 3 (e, xhz1)(d, ahar) (29, abian)

gk

0

<.

J

Ea
—_

(c, xlg_j_lwl)(d, xéxl).

<.
Il
o
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This last expression is the familiar convolution sum (see (1.29)) and is
similar to what appears for single letter alphabets under the Cauchy
product in Example 2.5. 0

Finally, some more advanced properties of the composition product
(2.47) are considered. The first theorem states that this composition
product on R™((X)) x R™((X)) is continuous in its left argument.
(Right argument continuity will be addressed shortly.)

Theorem 2.14 Let {c;}i>1 be a sequence in R™((X)) with lim; o0 ¢; =
¢ in the ultrametric sense. Then lim;o(c; 0 d) = cod for any
d € R™((X)).

Proof: Define the sequence of non-negative integers k; = ord(c; — ¢)
for ¢ > 1. Since ¢ is the limit of the sequence {¢;};>1, the sequence
{k;}i>1 can have no upper bound. Observe that

dist(c;od,cod) = oord((ci—c) od)

and, in light of (2.45),

ord((¢; — ¢) od) = ord Z (ci—e,m)nod
nesupp(c;—c)
> min  ord(nod)
nesupp(c;—c)

> min |n[+ (|n] — nls) ord(d)
nesupp(c;—c)

ki.

Y

Thus, dist(c;od,cod) < o for all i > 1, and lim; ,o0(c;od) = cod. m

The next theorem describes an ultrametric contraction induced on
R((X)) by this composition product.

Theorem 2.15 For any ¢ € R™((X)), the mapping d — cod is an
ultrametric contraction on R™((X)). Specifically,

dist(cod,coe) < odist(d,e), Vd,e € R™((X)).

Proof: First observe that the claim is exactly equivalent to the in-
equality
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ord(cod —coe) > 1+ ord(d —e), (2.49)

which is trivially true when ¢ = 0 since cod — coe = 0. So assume
¢ # 0 such that supp(c) is nonempty. Now if all the words in supp(c)
have the form n = x§ , k > 0, then the claim is also trivially true since
nod—noe = 0 for all n € supp(c) giving again that cod—coe = 0. Thus,
further assume that supp(c) contains at least one word 7 utilizing one
or more letters from the subalphabet {x1,za,..., 2, }. In which case,

ord(cod —coe) =ord Z(c,n)(nod—noe)
nex*

> min ord(nod—noe).

néesupp(c)
From the definition of the composition product, it is clear that the
shorted possible word generated by a series of the form nod —noe
has length ord(z; od — x; 0 €) = ord(zo(d; — e;)) = 1 + ord(d; — e;) for
some i # 0. This would directly establish the equality in (2.49) if this
x; € supp(c). But if z; & supp(c), then this simply means that

min ord(nod—mnoe)>1+ord(d—e).
nesupp(c)

Thus, either way, the theorem is proved. [ ]

An immediate result of this theorem is the right argument continuity
property alluded to earlier.

Theorem 2.16 Let {d;};>1 be a sequence in R™((X)) with lim;_ o d; =
d in the ultrametric sense. Then lim; ,oo(c o d;)) = c o d for all
c € R™((X)).

Proof: Observe

lim dist(cod;,cod) <o lim dist(d;,d) = 0.

1—00 1—00

Problems

Section 2.1
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Fig. 2.10. The mapping p : X — M and its associated monoid homomorphism
p: X" — M.

Problem 2.1.1 Suppose M is the set of real-valued functions which
have a well defined one-sided Laplace transformation H(s) = Z{h(t)}.
Let M' = Z(M).

(a) Describe specifically how M and M’ can be given the structure of
a monoid.

(b) Is &£ : M — M’ a monoid homomorphism, a coding, an isomor-
phism? Explain.

Problem 2.1.2 In the definition for a monoid homomorphism p :
M — M’, the second of two requirements is that the units e and ¢’ of
monoids M and M’, respectively, must be related by p(e) = €¢’. Can
this identity be deduced from the first requirement in the definition,
i.e., is the definition redundant? If true, prove it. If false, provide a
specific counterexample.

Problem 2.1.3 Given an alphabet X = {xz¢, 21, ..., %} and a monoid
M, show that any mapping p : X — M can be uniquely extended to

produce a monoid homomorphism p : X* — M. That is, if i : X — X*

denotes the natural injection of X into X*, then there exists a unique

monoid homomorphism p such that p = poi (see Figure 2.10).

Section 2.2

Problem 2.2.1 Verify that R((X)) and R(X) with the usual notions
of addition, scalar multiplication, and the catenation product each
constitute:

(a) a ring,
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(b) a module over R(X),

(c) an associative R-algebra.

Problem 2.2.2 Let X = {z} and assume f. and f; are real analytic
functions with generating series ¢, d € R [[X]], respectively.

(a) Verify that for the pointwise product f.fq = feq, where cd is the
binomial convolution product defined in (2.2).

(b) Show that x71(cd) = 27 1(c)d + cz~1(d).

(c) Is this identity above consistent with Lemma 2.17 Explain.

Problem 2.2.3 Prove the following propositions for an arbitrary non-
commutative alphabet X = {zo,21,...,2Zm}:

(a) The left-shift operator £71(-) is a linear operator on the R-vector
space RY((X)) for any &£ € X*.

(b) If p € R(X) then z; '(p) = 0 for all 7, € X if and only if p =
(p, 0)0.

Section 2.3

Problem 2.3.1 An ultrametric space (.5, 9) is bounded if there exists
a real number B > 0 such that d(s,s’) < B for all s,s" € S. Show that
(RY((X)), dist) is a bounded ultrametric space.

Problem 2.3.2 Let {s1, s2,...} be a convergent sequence in a metric
space (.5, 0).

(a) Show that its limit point s is unique.
(b) Prove that it is a Cauchy sequence.

Problem 2.3.3 Let {s1, s2,...} be a sequence in an ultrametric space
(S,0). Show that the sequence is a Cauchy sequence if and only if for
every € > 0 there exists a natural number N, such that 6(s;, s;y1) < €
when 7 > N..

Problem 2.3.4 Let ¢,d,e, f € R((X)) and consider the ultrametric
dist defined on R((X)). Show that in general:

(a) dist(c+e,c+ f) = dist(e, f)

(b) dist(c+ e,d + f) < max{dist(c, d),dist(e, f)}

(c) dist is continuous in both arguments, for example, lim;_,~ dist(¢;, d)
= dist(c, d), where ¢ = lim; o ¢;.
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Problem 2.3.5 Solutions of an equation ¢g(z) = 0, where z € R, can
often be computed numerically by converting the equation into the
form z = f(z), selecting an initial condition zp, and then iterating as
follows:

Zi+1 = f(z,,), iZO,l,....

(a) Assume g(z) = 0 has the unique solution z*. Use Theorem 2.4 to
show that a sufficient condition for convergence of this iteration to
z* is having f differentiable and |f’(z)| < a < 1 everywhere on R.

(b) A simple geometric argument can be used to show that the tran-
scendental equation 4z + 2sin(z) + 1 = 0 has a unique solution.
Devise an iterative method to compute it and determine the first
five iterates after zy = 0.

Remark: In the event that g(x) = 0 has more than one solution, a
local version of Theorem 2.4 exists. It provides for convergence of the
iterates {zo,21,...} to a solution when zq is selected in an interval
containing a solution and on which f is (locally) a contraction. See,
for example, [133].

Problem 2.3.6 Let (S,0) be a complete nonempty metric space and
T : S — S be a mapping such that §(7(z),T(2")) < d(z,2") for all
distinct z, 2" € S. Show that if 7 has a fixed point, it must be unique.

Problem 2.3.7 Reconsider Problem 2.3.6, where § is now an ultra-
metric. Is the given condition enough to guarantee that 7 always has
a fixed point? Explain.

Problem 2.3.8 A normed R-vector space V' is one where there is a
real-valued function || - || : V' — R satisfying the properties:

i ||z >0

ii. ||z|| =0 if and only if z =0
il [Jaz| = |of ||=|

iv. |z +yll < [lzf] + [y

for any z,y € V and a € R. For a fixed R > 0 define the following
subsets of R((X)):

Sp(R) = {c € R{(X)) : ||c[l,, < oo},

where
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]!
HCHI - Z | ¢, 77 |77‘

nex*

In]
el —seup{u >|f",}

(a) Verify that each space S,(R) is a normed R-vector space.

(b) Give some explicit examples of series that are in and not in S1(R)
and S (R).

(c¢) Explain in what sense these spaces are duals of each other.

(d) A sequence {c1,c2,...} in Sp(R) is said to converge to ¢ € S,(R)
if |le; —¢cf[, — 0 as i — oo. Explain any differences between con-
vergence in the ultrametric sense and convergence as defined here.

Section 2.4

Problem 2.4.1 Consider an arbitrary alphabet X. Verify the follow-
ing propositions:

(a) R(X) with the shuffle product forms an associative R-algebra.

(b) The shuffle product is commutative on R(X).

(c) The shuffle algebra on R(X) is an integral domain, that is, p g =
0 if and only if at least one polynomial is zero.

(d) The shuffle product on R((X)) is (ultrametric) continuous in both
arguments, for example, lim; o (¢; wd) = (lim; 00 ¢;) w d.

Problem 2.4.2 The shuffle product defined inductively by (2.5) could
also be called the left shuffle product because at each iteration a left-
most letter is extracted from a word and moved to the far left position.
Analogously, one could define a right shuffle product via

(i) m (§x5) = (nm (§x5))zi + (i) m &),

where z;,z; € X, 0, € X* and with nm (0 = 0 mn = 7. Is it true that
nwé = nm&? If so, prove this conjecture. If not, provide a simple
counterexample.

Problem 2.4.3 Verify the following relations for arbitrary c,d €
R((X)) and v € X*:

Edition 1.2, Copyright (© 2022 by W. Steven Gray



102 2. Formal Power Series

|
(@) (cwd,v) =Y > (en)(d&nwsv)
1=0

.Een)f\)lf\i*i
® ¥ owen=(") o<izp
567]);)5\—1'
© X C0fmuenn={y 120
N, eX*
@ % Cofmemneé={ g 120

n,EEX™

Remark: Part (b) can be proved using the left-shift operator and the
derivation property described in Theorem 2.5. The word £ denotes &
with the letters written in the reverse order.

Problem 2.4.4 Suppose the binomial coefficient for two words v, n €

X™* is defined as
()= = wwen

" gexlvi=Inl

when |n| < |v| and zero otherwise.

(a) Show that
= ()-() o

neX?

(b) Let A be an arbitrary language in X* and a = char(A). Show for

any word n € A that
v
nwa,v) = .
= ()

Remark: The integer (; ) is equivalent to the number of times the word
n appears as a subword of v. For example, if v = xgx1x021 and n =
zox1 then (;) =3.

Problem 2.4.5 Let X be an arbitrary alphabet. Define the shuffle
power of a series ¢ € R((X)) to be

e =cuecw o we, k>0
~——

c appears k times
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and ¢ = 1. Verify the following identities for an arbitrary letter
z € X and ¢,d € R((X)):

(a) ek =klab k>0

k
N k)
(@) @) = T, k>0
) (]‘)k g :
(e) (x )k— (jk)!x k j, k>0
oo Lk [o.¢]
(f)< @’ = (k)
7=0 Jj=0
(o) Lk o0
LL _ k+] 1 L g
@ (3 —2;( 7 e
(h) 27 (e k) = ke ®=D ame), k>1
1) 2 " (cwd) = ~(n k() wa—(h) n
0 o ewd =32 (1) #H0 (@, n>0
0 dLuk

G) 27 e ) =27 1(d) we™?, where e W4 =

n=0
Problem 2.4.6 Let X be an arbitrary alphabet.
(a) Verify the identity (2.6).
(b) Show that char(X*) = (char(X))* = (char(X))“*/k!.
Problem 2.4.7 Let X = {xg,z;}. Verify the following identities:
(a) (axo + 1) F =K (axo + f21)*, o, BER, k>0

(b) (c+d)wzzn:<:>cwmdw<nk>, n>0, ¢deR{(X))
k=0

A , o i i—k
(c) (z1xd wa), wkaiaf™ ) = <z+‘7z, >, i,7 >0, 0<k<j.
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Problem 2.4.8 Suppose K and M are fixed real numbers. Consider
a series d € R((X)) with coefficients (d,v) = KM |y|! for all v € X*.
Show that for any n > 1

(n—1)+1v]
1

(d™"" ) :K”M'”< >|y|!, Vv e X*.

Problem 2.4.9 Let z be an arbitrary letter in an alphabet X and
ki,ko, ..., ke a finite sequence of nonnegative integers. Verify the fol-
lowing shuffle product identity:

V4 Y S
Ii_II[IBki — xSZ H (kj)’

i=1

where S; = 22:1 k;. Note here that [[] and [] denote the shuffle
product on X and scalar product on R, respectively.

Problem 2.4.10 Let X be an arbitrary alphabet. Suppose ¢ € R{{X))

is proper.

(a) Verify that lim; ,o, ¢ = 0.

(b) Show that the summation > oo;a;c™'? is well defined for any se-
quence of scalars {a; }ien, -

Problem 2.4.11 Show that the set of non proper series in R{(X))
is a group under the shuffle product, where the shuffle inverse of any
such series c is

e = (e 01— ) = () )
with ¢/ = 1—¢/(c,0) proper, and (¢/) ' * := 37, (/) = F.

Problem 2.4.12 Let X = {xg,21,..., 2y }. A mapping 7 : RE((X))
RY((X)) is said to have an eigen-series cy € R({X)) if there exists a
nonzero series ¢, € RY((X)) such that 7 (c,) = cxcp. For a fixed n > 0
consider the mapping

d

To : REUX)) = RYX)) t e 2 e,
where the shuffle product is defined componentwise. For simplicity

assume ¢ = 1 and m = 0. Determine whether the following series have
a corresponding eigen-series for any n > 0:
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(a) ¢p=(1— ) !
(b) ¢, = exp(zo).

Section 2.5

Problem 2.5.1 Consider the vector space V = R? ® R? in Exam-
ple 2.19.

(a) Explicitly define vector addition and scalar multiplication on V.
(b) Verify that £:V — R as defined in (2.13) is an R-linear map.

Problem 2.5.2 For any finite alphabet X and z; € X verify the
following identities:

(a) cat™(zin) = (z; ® L)cat™(n) + 1 ®@ 21
(b) sh*(char(X**1)) = sh*(char(X))sh*(char(X*))
(¢) (k4 1) cat*(char(X*1)) = cat*(char(X)) w cat*(char(X*)).

Section 2.6

Problem 2.6.1 In the context of Definition 2.14, verify that

pagao (A@A)=(p@p)o(ld®Teid)o (A A)

TARA = 0 R0
defines an R-algebra homomorphism.

Problem 2.6.2 Let (A, pu,0,4,¢) denote an arbitrary R-bialgebra
with unit 1.

(a) Show that €(1) = 1.
(b) Prove that A(1) =1® 1.
(c) Verify the identities in parts (a)-(b) in the context of Theorem 2.8.

Problem 2.6.3 Let (A, pu,0,4,¢,S) denote an arbitrary R-Hopf al-
gebra with unit 1.

(a) Verify that S(1) = 1.

(b) Show that if a € A has the coproduct A(a) =1®a+ a® 1 then
S(a) = —a.

(¢) Prove that S(ad’) = S(a’)S(a) for all a,a’ € A.
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(d) Verify the identities in parts (a)-(c) in the context of Theorem 2.9.

Problem 2.6.4 Let (A, u, 0,4, €) be a connected bialgebra with unit
1. The proposition is that every element a € Aa) must have a coprod-
uct of the form

Ac=a®1+1®a+ Aa

with @ ® 1 +1 ® a being the primitive part and A’a € A&fl) ® A?;Fl)
the reduced coproduct.

(a) Show that (R(X),cat,o,sh* ¢) and (R(X),sh, o, cat*, e) are both
connected bialgebras using word length to define degree and thus
a filtration.

(b) Verify the proposition above for the coproducts sh* and cat* of
words up to degree (length) two.

(c¢) Prove the proposition holds in general.

Remark: The counit property is very useful in part (c).

Problem 2.6.5 Let V' = R be the vector space of infinite sequences
of real numbers. Show that Gpgyp has a faithful representation = :
GFdB — GL(ROO) given by

k! )
7(fe) :== ﬁBj,k(Cly 2leg, ..., (J—k+1)lcj_p41)

Ccl1 C2 C3 Cq Cs
0 C% 26102 C% + 26163 26263 + 26104
0 0 o 3c2cy 3c163 + 3ctes
=10 0 0 ci 4ciey s |
0 0 0 0 e

where f. = ano ent™/nly ¢p =1, and

]‘ t Ky tl ki
Bis(ty,...t) = Y M(l’) <z'>

ki+ko+-+ki=k
k1+2kg+-+lkj=j

are the (partial exponential) Bell polynomials with [ = j — k + 1.

Remark: By definition, the product of two such matrices produces an-
other matrix whose coefficients are that of f.o f; in the first row. Like-
wise, the coefficients of f.! must appear in the first row of (m(f.))™!.
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With the structure of the representation matrix A = 7(f.) fixed, it is
fully specified by ¢, = ain(c), n > 1. Therefore, one can drop the first
subscript and write A in terms of a,,, where ¢, = a,(c).

Problem 2.6.6
In the context of the Faa di Bruno Hopf algebra:

(a) Compute the antipodes Sa;, a = 2, 3,4 using (2.30) and determine
whether the calculation is consistent with (2.37) and is cancellation
free as claimed in the text.

(b) Compute the coproduct Aas and reduced coproduct A’as.

(¢) Compute the antipode Sas by any method.

(d) Compute the first five terms of the Taylor series expansion of
tan~!(z) about z = 0 using the antipode.

(e) Compare the result in part (d) against a direct calculation of the
Taylor series of tan~!(z).

Section 2.7

Problem 2.7.1 Consider an arbitrary composition product defined
by (p,0,1). Show that the composition product is R-linear in its left
argument.

Problem 2.7.2 Consider the series
_1 x? 3
Cc = +$+§+§+“'
d=z+22+x3 4+ +- -

as elements of R [[X]], where X = {z}. Compute the first few terms of
the compositions:

(a) cod
(b) dod
(c) doec.

Problem 2.7.3 Consider the noncommutative polynomials p = 1—i—a:%
and g = x1xo over the alphabet X = {x,z1}. Compute the composi-
tions:

(a) pog

(b) qop
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(c) pop.
Remark: This and subsequent problems are referring to the first com-
position product described in Example 2.26.

Problem 2.7.4 Prove the identity (2.42).

Problem 2.7.5 Verify the elementary properties of the composition
product given in Lemma 2.5.

Problem 2.7.6 Let ¢,d,e € R™((X)), where X = {xg,21,...,2m}.
Either verify that each of the propositions below is true or provide a
counterexample.

(a) If ¢ is proper then cod is proper.
(b) For fixed d, the mapping ¢ +— co d is an ultrametric contraction
on R™((X)).

Problem 2.7.7 Let ¢,d,e € R™((X)), where X = {zg,1,...,%m}.
Verify the following identities:

. 1 :
(a) 2l od= j—(wodi) WJ0j >0 assuming dp =1

b) pod = Zp, z] .’E()d) j,wherep:Z(p,xg)wf
§=0
(c) (woc)od—aco(cod) j=>0
(d) (cwd)oe=(coe)uw(doe)
() ¢V od=(cod) ™, j =0
(f) zgy (cod)::val(c)od+2diu4(x;1(c)od)
CL’;l(COd):O, i:1,2,..._,m

Problem 2.7.8 Let X = {z9,z1} and ¢ = zoz;. Determine the fixed
point of the mapping d — co d.

Problem 2.7.9 A series ¢ € R((X)) is said to be exchangeable if

Ny, =1€l,,,i=0,1,....m = (¢;n) = (¢, €).

Show that if ¢ is an exchangeable series then the composition product
can be written in the form

cod=>" Y (g ap) Paler) (1) w - wa(an)(1).
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Section 2.1 The following books provide a comprehensive introduc-
tion to the theory of formal languages and related topics: Berstel [7],
Gross and Lentin [99], Harrison [106], Kuich and Salomaa [134], Revesz
[159], Rozenberg and Salomaa [163], and Salomaa [168]. It also worth
mentioning the series of books by Lothaire addressing combinatorics
on words [142, 143, 144].

Section 2.2 In addition to the books mentioned above, most of which
treat formal power series to varying degrees, the books by Conway
[46], Berstel and Reutenauer [8, 9], and Salomaa and Soittola [169], in
particular, provide excellent introductions to this subject with much
the same flavor as this section.

Section 2.3 The first part of this section addressing the ultrametric
space RY((X)) is based on the treatment of the subject by Berstel and
Reutenauer [8, 9]. The material concerning contractive mappings on
metric spaces appears in most texts on functional analysis and linear
operators, e.g., [133]. Example 2.14, a well known example introducing
a weaker type of contraction, appears in many places, e.g., [196]. More
specialized treatments of contractions on ultrametric spaces can be
found in the work by Heckmanns [193], Priess et al. [155], and Schorner
[173]. These did not influence the presentation in the section, but some
of the problems at the end of the chapter were motivated by this
material, e.g., Problem 2.3.7.

Section 2.4 The shuffle product as defined in this section first ap-
peared in a paper by Ree [156]. A proof of the integral domain prop-
erty of the shuffle algebra, for example, appears in this paper. His
motivation was clearly the seminal work of K.-T. Chen on iterated in-
tegrals of paths, in particular [33]. Some other forms of the definition
appeared earlier, as, for example, in the work of Hurwitz, who was
effectively considering power series in a single letter [111]. Hence, the
shuffle product is sometimes referred to as the Hurwitz product. (See
[62] for additional details on this point.) It should also be noted that
around the same time that Ree’s paper appeared, Chen et al. utilized
the shuffle product in the context of free differential calculus, see [44],
largely inspired by Lyndon’s use of the concept in [145]. The now stan-
dard treatment of shuffles and the shuffle product appears in the book
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by Lothaire [142]. Useful results related to these concepts can be found
in [52, 69, 158, 160]. The important identity (2.6) can be found in the
Ph.D. dissertation of Duffaut Espinosa [52, Lemma IV.2.2]. This result
is directly related to Proposition 2.2.8 of Fliess in [61].

Section 2.5 The catenation-shuffle product duality is best understood
in the context of combinatorial bialgebras and Hopf algebras. This was
observed by K.-T. Chen in [38, Theorem 1.8]. Thus, the full treatment
of this topic is deferred to the next section after the notion of a Hopf
algebra is developed. The duality theory as described in Theorem 2.6
follows the treatment by Reutenauer in [158].

Section 2.6 Standard references on Hopf algebras include the books
by Abe [1], Dascalescu et al. [51], and Sweedler [188]. The classical
paper on structural theorems for Hopf algebras by Milnor and Moore
provides a full and rigorous view of the subject [151]. The papers by
Cartier [27], Figueroa and Gracia-Bondia [60], Grinberg and Reiner
[97], and Manchon [150] give very readable comprehensive introduc-
tions to the subject. The treatment of the topic in this section was
heavily influenced by all of these works. The remaining material on
the catenation-shuffle product duality in Theorems 2.8 and 2.9 fol-
lows Reutenauer in [158]. Lemma 2.4 is based on the work of Chen
in [39] and Sussmann in [186]. The Faa di Bruno Hopf algebra was
first introduced by Joni and Rota in [123, 124]. The treatment in this
chapter follows from the presentation in [60]. Finally, Hopf algebras
have appeared in system theory prior to their use in this book. See,
for example, [80, 100, 101, 102, 161].

Section 2.7 The composition product induced by real analytic func-
tion composition is a classic topic in analysis. See, for example, the
book by Knopp [132] concerning the single variable case and the book
by Rudin [165] for the multivariable case. The composition of a Fliess
operator followed by a memoryless function, i.e., a Wiener-Fliess sys-
tem, was first described in a state space setting via the fundamental
formula of Fliess in [69, 74]. See also [113]. A more general treatment
is presented by Gray and Thitsa in [94], and additional results regard-
ing convergence and applications are given by Venkatesh in [195]. The
composition product induced by Fliess operator composition is due to
Ferfera [58, 59]. The idea was further developed by Gray and Li in
[91] and [141], which is the source for most of the advanced material
in this section. However, Definition 2.20 and the generic treatment of
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composition products first appeared in [94]. In addition, the proof of
Theorem 2.15 is significantly simpler than the approach taken in [91].
Finally, many any other types of noncommutative compositions appear
in the literature, for example, see the work by Brouder et al. [22] and
Foissy [75]. These concepts are all distinct from the notions utilized
through this book as they are induced by compositions of other types
of mathematical objects.
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3. Fliess Operators

In this chapter, a general class of nonlinear input-output operators is
considered with the key property that each member is uniquely speci-
fied in terms of a formal power series in R*((X)). Such operators are
called Fliess operators. They can be viewed as a kind of noncommu-
tative Taylor series. The first section introduces the basic definitions
and some terminology. The next two sections furnish input sets on
which Fliess operators are well defined and describe various properties
like continuity and differentiability of the output function and oper-
ator continuity. Fliess operators are then compared against the more
classical Volterra operator in the subsequent section. In particular, it
is shown that a Volterra operator has a Fliess operator representation
when each of its kernel functions is real analytic. Hence, all the theory
developed for Fliess operators applies directly to this class of Volterra
operators. In applications, it is common to construct models of com-
plex systems by interconnecting simpler subsystems. So the next three
sections are devoted to the interconnection of Fliess operators, specifi-
cally, the parallel, cascade, and feedback connections. The final section
describes the notion of a formal Fliess operator. In this case, no con-
vergence properties are assumed a priori, and thus, inputs, outputs,
and systems are treated as purely algebraic objects.

3.1 Fliess Operators on L, Spaces

The goal of this section is to describe a general class of causal input-
output operators having m inputs and £ outputs. Consider an alphabet
X ={xo,x1,...,Tn}. In this chapter, X is viewed as a set of noncom-
mutative indeterminates which is always in one-to-one correspondence
with a set of integrable real-valued functions {ug,u1,...,u,} defined
over an interval [to,¢1]. The parameter ¢; may or may not be finite.
For any word 7 € X, one can associate an iterated integral by the
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iterative calculation

En[u](t,to) = EﬂCm' [u] (t,to) = / ui(T)EU' [u] (Tv to) dr,

to

where Eplu|(t,to) := 1 for all ¢t € [to,t1]. It will be assumed through-
out that up(t) = 1 on this interval. This fictitious input wug is useful,
for example, in representing systems that have some kind of stored
energy and thus generate a nonzero output even when the input
w = [up -+ uy]? is exactly zero on [tg,t1]. Given any formal power

series over X,
c= Y (e,
nex*

where each (¢,n) € RY, one can uniquely specify an input-output op-
erator as described below.
Definition 3.1 The Chen-Fliess series associated with any ¢ €
R*((X)) is

y(t) = F.lul(t) = > (c,n) Bylul(t, to). (3.1)

nex*
In the event the series converges on some set of inputs U, the mapping
F.:U — Y is called a Fliess operator.

Series ¢ is usually referred to as the generating series for F.. A
specific input u € U is called an admissible input. In many applications,
a natural class of admissible inputs is the set of Lebesgue measurable
functions L][to, t1]."

Definition 3.2 For a fized p € [1,00], a measurable function u :
[to,t1] — R™ is in the Lebesgue space Ly'[to,t1] if its norm

lull, =

jmax uill,

1s finite, where

ol = ( / il dt)" . petoo)

lui]|oo = ess sup |u;(t)].
tE(to,t1]

! The superscript m will be suppressed when m = 1.
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L't 1]

Ly'Tto 1]
L[]

Ll 1]

Fig. 3.1. For a finite interval [to,?1], the spaces Ly [to,t1] for integers p € [1,00)
and p = oo are nested.

In general, u € Lgl[to,tl] if and only if u; € Ly[to,t1] for all i =
1,...,m, and clearly |lully > ||u;||p. The set L5'[to,t1], for example, is
the class of inputs with finite energy over [to,t1], while L7 [to,t1] is
the class of inputs that are bounded in magnitude almost everywhere
(a.e.) on [to, t1]. A closed ballin Ly*[to, t1] of radius R > 0 and centered
at the origin is defined as

B (R)[to, 1] = {u € LP[to,t1] ¢ JJull, < R}.

A particularly useful fact illustrated in Figure 3.1 is that this collection
of spaces is nested when the interval [to,¢;] is finite, i.e., L7 [to,t1] C
Ly [to, t1] C Lyt [to, t1] for all integers p € [1,00) (see Problem 3.1.1).
As demonstrated in the next example, however, this property does not
hold for infinite intervals.

Example 3.1 Consider the function w(t) = 1/(1 + ¢), which is well
defined over the interval [0, c0). Let ujy,) denote its restriction to the
interval [0,¢;]. Observe that Hu[O,l]Hl = log(2) and Hu[o,l]}|2 =1/V2.
Thus, up 1) belongs to both L1[0,1] and Lz[0,1]. On the other hand,
one can check that ||ul|, = 1, but u does not have a well defined L,
norm. Therefore, Ly[0, 00) is not a subset of L;[0, c0). 0
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L [, 1]

L;"[to,oo)

Fig. 3.2. Extended space Ly'.(to) lies in between Ly'[to,t1] with ¢; finite and
L;”[to,oo).

Also useful in this chapter is the notion of an extended L, space.
In a certain sense, this function space lies in between Ly'[to, 1] with
t1 finite and Ly*[to, o0).

Definition 3.3 For any fized tg € R and any p € [1,00] define the
extended Lebesgue space as

L;T}e(to) = {u : [to, OO) — R™: Ufto ty] € L;n[to,tl] Vit € (to,OO)}.

Clearly, L. (to) is a proper subset of Ly"[to, 1] for any specific t; when
its elements are restricted to [tg,t1]. In addition, the extended spaces
are also nested with respect to p, that is, L% .(to) C Lyyq .(to) C
Ly (to) for all integers p € [1,00). Less obvious is the fact that

Ly'[to, 00) is a subset of Ly (to) (see Problem 3.1.2).

Example 3.2 Again consider the function u(t) = 1/(1+t) over [0, 00).
For every finite t1 > 0, ujo4,] € L1[0,#1] since H“[O,t1}H1 = log(1 + t1).
Thus, u € L1 (0). But as noted in the previous example, u¢L[0, 00).
So if L1]0,00) is a subset of L; ((0), it must be a proper subset. The
exact situation is shown in Figure 3.2. 0
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3.2 Local Input-Output Properties

The first goal of this section is to describe a sufficient condition for a
generating series ¢ which ensures that functions within some closed ball
B (R)[to, t1] are admissible inputs for the operator F¢.. Specifically, it
will be shown that F. defines a mapping from By*(R)[to,to + T into
Bg (S)[to, to + T] provided that R,T > 0 are sufficiently small, and p, q
are conjugate exponents. That is, p,q € [1, 00] such that 1/p+1/q=1
with 1 and oo being conjugate exponents by convention.? In this case
the operator F,. will be called locally convergent since it is locally well
defined in both a temporal sense (finite T') and a spatial sense (finite
R). A class of generating series ensuring this property will be given the
same name. In the subsequent section, a more restrictive condition is
described for ¢ under which F, maps all of Ly, (to) into Clto,to + 17,
where Clto,to+ T| denotes the set of functions that are continuous on
[to,to + T, and in this case T" > 0 is arbitrary. The operator F, will
be called global convergent as will any generating series ¢ which yields
this property.

The first theorem states that if a formal power series ¢ has coef-
ficients that satisfy a Cauchy type growth condition then the corre-
sponding operator F, will converge on BY*(R)|[to, to + T provided that
R, T > 0 are small enough.

Theorem 3.1 Suppose ¢ € RY((X)) is a series with coefficients that

satisfy
(e, m)| < KMt vp e X* (32)

for some real numbers K,M > 0. (Here |z| := maxj<;<¢|2;| when
z € RY.) Then there exists real numbers R,T > 0 such that for each
u € B (R)[to, to + T, the series

y(t) = Ful(t) = ) (e.n) Eylul(t, to) (3-3)
nex*

converges absolutely and uniformly on [to,to + T1.

The set of all ¢ € RY((X)) which satisfy a local growth condition of
the form (3.2) will be denoted by R ~((X)). For any p € (1,00] and
on any finite interval [tg, o + T it can be shown that

? The spaces Lj'[to, t1] and Li'[to, t1] are said to be duals of each other.
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lully < [lull, TV9,

when u € Ly'[to,to + T, and p and q are conjugate exponents (see
Problem 3.2.1). In which case, the following corollary of Theorem 3.1
is immediate and describes other input spaces on which Fliess opera-
tors are locally convergent. However, because these spaces are nested
for finite 7', it is usually most natural to work on the largest space,
LT[to, to + T]

Corollary 3.1 Suppose ¢ € R% (X)) and p € [1,00]. Then there
exists real numbers R, T > 0 such that for each u € By*(R)[to,to + 11,
the series

y(t) = Fu](t) = ) (e.n) Eylul (¢, to)

neXxX*

converges absolutely and uniformly on [to,to + T.

To prove Theorem 3.1, two upper bounds are needed for iterated
integrals over X*. Both are described in the following lemma. With-
out loss of generality, it is assumed that to = 0, and E,[u|(t,0) is
abbreviated in this case as E,[u|(t).

Lemma 3.1 For any v € L'[0,T] and n € X*,
|Eylu](t)] < Eplul(t), 0<t<T,

where u € L{*[0,T] has components u; = |u;|, j = 1,2,...,m. Fur-
thermore, for any integers r; > 0 it follows that

m 7"]
‘Emgo ;! u_vLu:vIn <t<T,
where Uj( fo luj(7)| dr.® In particular, if on [0,T) it is assumed
that ma:x;{||u||1 ,T} < R then
Rk
’va"o Lua:{l LU e L 2 [u](t) < ma 0<t<T,

where k=3, 1;.

3 For notational convenience, occasionally F, will be denoted as in the previous
chapter by E, when p € R(X).

Edition 1.2, Copyright (© 2022 by W. Steven Gray



3.2 Local Input-Output Properties 119

Proof: The first inequality is trivial in the case of the empty word.
Suppose it holds for all words up to length & > 0. Then for any z; € X
and n € X* observe that

t
| B jnlu] (2)] S/ [uj (T)] | Eylu](T)| dT
0
t
S/O uj(1)Eylul(r) dr

= El‘m[a](t)-

Hence, the claim holds for all n € X*.
Concerning the second inequality, note that

Bp st e 010 = T B 0
j=0

(see Lemma 2.3). Thus, it is sufficient to show that

J

<-4 (3.4)

<50

This claim is clearly true when r; = 0. If it holds up to some fixed
integer r; > 0 then

dr

'Ex;jﬂ [u] (t)' < /0 t |ui(7)| ‘Ex;j [u](T)

¢ U7 (1)
< [l = ar
0 J°

r.

()

= 7‘7 .
(rj +1)!

Thus, the inequality (3.4) holds for all 7; > 0, and the lemma is proved.
|

Proof of Theorem 3.1: Suppose the coefficients of ¢ satisfy the local
growth condition (3.2). Fix some T" > 0. Pick any v € LT*[0, 7] and let
R = max{||u| , |luoll;} = max{||u||, ,T}. Observe that with the help
of identity (2.6)

> Ien)Byu](2)]

nex*
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0

<Y len)l Bifal)
k=0 nGXk
00

< ZKMkk‘ Z EmSO Lurqlnl L e L [ﬂ](t)
k=0 TONT L5 Tm, >0

ro+r1+-+rm=k

o0
Rk
< E KMFE! § : —
rolry! - !
k=0 70y 50" >0 0-"1 m
'r0+'r1+--»+rm:k

= i KMR)F Y i
k=0

rolri!l- - rm!
QT e s Tm >0 0-71 m
ro+ry+-trm=k

= i K(MR(m + 1))~ (3.5)

Therefore, if R < 1/M(m+ 1), i.e., if

1

T -
mas(lul, T) < ey,

(3.6)

then the series (3.3) converges absolutely and uniformly on [0, 7] for
each u € B1(R)[0,T]. ]

The above proof demonstrates in conjunction with Corollary 3.1
that if ¢ € RY((X)) then the series (3.3) defines a Fliess operator
from By'(R)[to, to + T to a bounded subset of C[to, to + T for every
p € [1,00], provided that R and T are sufficiently small. The following
theorem provides an even more precise description of F.

Theorem 3.2 Suppose ¢ € R} (X)) with growth constants K, M >
0. Select any pair of conjugate exponents p, q € [1, 00| and real numbers
R,T > 0 such that Ry := max{RTY9, T} < 1/M(m+1). (Let TY/9 =1
when p = 1.) Then

F.: B;n(R)[t(), to+T] — BS(S)[to,to + 7],
where S = KTY/(1 — MRy(m +1)).
Proof: For any u € By'(R)[to, o + T'| observe that

lully < JJull, TV% < RT'A.
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A4

U —» f : h —

Fig. 3.3. Wiener system in Example 3.3.

Therefore, under the stated assumptions,

max{||ul|, , T} < max{RTY9, T} = R,
o b
M(m+1)

In which case, (3.5) produces the upper bound

< K ,
1—MR1(m+1)

ly(t) to<t<to+T

Thus, [ly[|, < KT'Y9/(1 = MR;(m+1)), or equivalently, y € Bg(S)[to,
to+ 1. |

Example 3.3 A Wiener system is an input-output system consisting
of a linear operator whose output is filtered by a function h. This class
of systems arises naturally, for example, in control systems where the
control law is realized by a linear state space model, and the actuators,
which are driven by the controller, exhibit saturation or some other
type of static nonlinearity. Certain classes of neural networks also ex-
hibit this type of structure. As an example, consider the single-input,
single-output Wiener system shown in Figure 3.3, where the dynam-
ical system is simply an integrator initialized so that z(0) = 0 and
h(z) = 1/(1 — z). Direct substitution for z in h gives
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=D K E[u](t)
k=0
= F.[ul(t)

for all ¢ > 0 provided that |z(¢)| < 1 (see Problem 2.4.5(a)). Note here
that the generating series ¢ = ) ;- !z is locally convergent with
growth constants K = M = 1. Thus, for any p € [1,00] there must
exist R, T > 0 such that if |jul, < R then F_[u] is well defined on
[0,T]. For example, when p = 1 it follows from (3.6) that a sufficient
condition for convergence is
R, T ! ! 3.7
max{R, }<M(m—|—1)_2' (3.7)
However, this bound on R and T is conservative because not every
coefficient of ¢ is growing at the maximum rate KMl In|!. Observe
that the de facto alphabet in this case has only a single letter, x1, so one
should really set m+1 = 1in (3.7). For an even less conservative bound
select a fixed 77 > 0 and consider all inputs satisfying HU[O,T'] <L
It follows then that

k

o0

> (/Otu(f) d7'>

k=0

sé(/ot\um\dr)k

R k
= Z HU[O,T’} 1
k=0

1

T 1 [Jupo,m

|[Fe[u] ()| =

1
Thus, F, is well defined on By (R)[0, "] for any finite 7" > 0 and R < 1.
But this more detailed type of analysis is often not possible when ¢

has a complex structure. Under such conditions, a simple condition
like (3.6) is useful and easy to estimate. 0

Example 3.4 An important observation is that the set of locally con-
vergent formal power series, Rpo((X)), is not a closed subset of R((X))
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in the ultrametric topology. For example, let X = {xg,z;} and con-
sider the sequence of polynomials

ci=x1+ @) 224+ 3)2ad + -+ ()22l i>1.

Clearly, each polynomial ¢; is locally convergent, but the series ¢ =
lim; , ¢; is not. Furthermore, each Fliess operator F, is well defined
on some closed ball of input functions, but the present theory does not
guarantee that the operator F. is well defined in any sense. 0

Now that conditions have been established under which F. is well
defined, several fundamental properties of this class of operators are
considered: absolute continuity and differentiability of the output func-
tion, uniqueness of the generating series, and preservation of analyt-
icity from input to output. Recall that in general differentiability of a
function at a point implies continuity at that same point, but not con-
versely. The usual counterexample of the latter is the absolute value
function f(z) = |z|. It is continuous at z = 0 but not differentiable
there. A more dramatic example is the function defined by the series

f(z) = Z 2% cos(3"z).
n=0

Weierstrass demonstrated in 1872 that this function is continuous at
every point but nowhere differentiable. To more precisely describe dif-
ferentiability properties, the following stronger notion of continuity is
useful.

Definition 3.4 Let J be a compact interval of R.* A function f : R —
R is called absolutely continuous on J if for every e > 0 there exists
a0 > 0 such that whenever J; = [a;, b;] are nonoverlapping subintervals
of J with Y1 | |b; — a;| <6, it follows that > ", | f(b;) — f(ai)| < e. If
1 is an arbitrary interval of R then f is said to be absolutely contin-
uous on I if it is absolutely continuous on every compact subinterval

of I.

It is easily shown that absolute continuity implies continuity in the
usual sense (see Problem 3.2.3), but more importantly, consider the
following theorem from real analysis.

4 This is equivalent to requiring J to be closed and bounded.
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Theorem 3.3 If f : R — R is absolutely continuous on the interval
1, then it is differentiable a.e. on I.

The proof of this theorem will not be pursued here, but the result will
be utilized momentarily to prove the next theorem concerning differ-
entiability of the output function of a Fliess operator. It is noted in
passing, however, that it can be shown that a function f is absolutely
continuous on J = [a, b if and only if there exists a function g € L[a, b]
such that f(z) = f(a) + [ g(7) dr everywhere on J. Readers familiar
with measure theory will recognize this result as a special case of the
Radon-Nikodym Theorem. Thus, g, which is equivalent to df /dt a.e.,
is usually called the Radon-Nikodym derivative. On the other hand,
if ¢ happens to be continuous, then all this analysis reduces to the
Fundamental Theorem of Integral Calculus, namely, g = df /dt every-
where on J. Now consider the differentiability of the output function
of a Fliess operator.

Theorem 3.4 If ¢ € R} ((X)) and u € By'(R)[to,to + T, then
y = F.lu] is differentiable a.e. on [to,tg + T| provided R,T > 0 are
sufficiently small. In particular,

d m
S Felu] = ; wi By 1 [ul. (3.8)

Proof: In light of Theorem 3.3, it is sufficient to show that y = F.[u]
is absolutely continuous. This is accomplished by first showing that
E,u] is absolutely continuous on [0,7] for any n € X* and u €
B1(R)[0,T] with R, T satisfying (3.6). For any J; = [a;, b;] it follows
from Lemma 3.1 that

Ul

R .
| Enlul (bi; ai)| < e 1EX
where R; := max{||ujg, p,ll1,0i — a;|}. In addition, R; can be made

arbitrarily small by selecting |b; — a;| sufficiently small. So fix n € X*
and pick an € > 0. Consider a sequence

0<ai<hhi<as<---<b, <T

[k!
Ri< ({/—e¢ i=1,2,...,n.
n
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This defines implicitly a § > 0 such that if > 7" | |b; — a;| < 6 then

Z | By [u] (bi) — J(ai)| = Z | Enlu] (b, a;)|
i=1

Therefore, the absolute continuity of E,[u] is established. To show
that F,[u] is absolutely continuous, again select an ¢ > 0 and choose
an integer N > 0 such that

NN e

iﬁaMmm+nﬁ_
k=N

This is always possible since M, R > 0 satisfy MR(m + 1) < 1. Now
because each E,[u] is absolutely continuous, there exists a § > 0 such
that

Z &) | Eylu](bs; ai)] <

DO

when Y " | |b; — a;| < 6. Hence, for this choice of 4,

SO IEul(b) — Felul(an)| < 32573 Iesn)l [Bylu) (b, as)]
i=1 1=1 k=0 neX*k
n N-—1

=350 S (e By ful (b, a) +

1=1 k= 0776)(]'c

STSTNT el 1By lul (b, a)

i=1 k=N pex*

+ZKMMHD
k=N

< £
=3

<e

)

and the differentiability claim is proved for the p = 1 case. But the
claim in fact holds for any p € [1,00] since the L, spaces under con-
sideration are nested.
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To verify the formula for 4 F[u] observe that

Hence,

Felu](t + At) — Felul(t)
At

= - —1 1 A .
>0 @O [ wnE, () dr

i=0 nEX*

Again |E,[u]()] < R/ |p|! for all 7 € [0,T] and n € X* when u €
B1(R)[0,T]. So the series above will converge when At and R are small
enough. Taking the limit At — 0 gives almost everywhere that

%FC[U](t) =3 (ay M (e),m) uilt) Eyul(t)

i=0 neX*
= > uilt) Fyor [l (2).
1=0

If it is assumed that u has k continuous derivatives on [tg,to +
T], ie., u € CF[tg,tp + TJ, then it can be shown that y = F.[u] €
C*Hltg,to + T], k > 0 (including the smooth case, k = oc.). This
is useful for computing higher-order derivatives that appear in the
context of differential equations as well as in the following theorem
addressing the uniqueness of the generating series.

Theorem 3.5 Suppose c,d € R} ((X)). If F. = F; on BZ(R)[to, to+
T] for some real numbers R,T > 0, then ¢ = d.

Proof: In light of the fact that F. — F; = F._g4, it is sufficient to show
that if F, = 0 on some BJ(R)[to, to + 7| then ¢ = 0. The approach is
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(1)
H ?
Qi
* ? : :
s s | L as
' ' | ~——
%y : :
BRA | e
: a :
——— 9
t
ty  tht 4 tot+ 6+ 1 tot+ G+t o+ B3 tot H+ Gt 3+ by

Fig. 3.4. The i-th component of the input function u utilized in the proof of
Theorem 3.5 (i # 0).

based on the following simple observation. Suppose the step function
input u = aU is applied to an integrator multiplied by a constant
(c,x1), i.e.,

F.lu)(t) = (c,a:l)/o aU(r)dr

[ at(e,z) : t>07
- 0 . otherwise,

where ¢ = (c¢,x1)z1. Then clearly the only nonzero coefficient of
the generating series ¢ can be extracted from the output y = F.[u]
by computing 9%y(t)/dadt = (c,z1) (see Problem 3.2.6 for another
simple example). The idea is to extend this approach to the case
where c is arbitrary. Consider applying a piecewise constant input in
BT (R)[to, to + T'] defined by

J—1 J
u(t)=o; <R, te [Ztl,Ztl>
=0 =0
with o = [a1j agj - amj]T € R™ and ¢, > 0, 4,1 = 1,2,...,k; and
Zle t; < T (see Figure 3.4). Since up = 1, define ag; = 1. The claim
to be verified inductively is that for any & > 1
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ak
8t18t28tk C[u]( 0+ 1+ + k‘) tj:OJF’ Z afk‘ (C, )7
G=1,2,....k cexk
(3.9)
where
Qgl = QO k—1 " Q41
when § =@, 2, | - x;; € X*5 Observe that when k = 1
a m
o Felul(to + 1) = > wilto + 1) Fy1 ] (to + 1)
h h=0" =0 ' ty =0+

r,€X
fexr

= Z Qg1 (¢, ;).

r;€X
Note that in the last step, the identity

melil) ={ 5§ 54

was employed. Now assume that the identity (3.9) holds up to some
fixed k > 1. Then

8k+1

Fc[@](to +t1+---+ tk+1)

Ot10tg - - - 8tk+1 tj=0t,
5=1,2,...,k+1
ok 0
= Felul(to +t1 4 -+ tgs1)
Ot 0ty - Oty | Otpyr © boor=0+ || =0
- j=1,2,....k

ok m
:m Z Uiy, (to +1t1 4+ -+ tpy1) -

| k+1=0
tk+1:0+]

Fx—l (C)[ﬁ](to +t1 4+ tk+1)

ik+1

tj:0+7
j=1,2,...,k

ak
= O N
E i KL 9 Oty - - - Oty

zik-ﬁ-l eX

® Since @ is smooth almost everywhere on [to, o + T, the same is true of F.[a).
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Fr—l (C)[ﬂ](t0+t1 +"'+tk)‘t

it =

The key fact used above is that u;,,, (to +t1 +--- + t;r) = Qi ki1
Now use the induction hypothesis by applying (3.9):

8k+1

F.lul(to+t1 4+ -+ + tgs1)

Ot10ty -+ - 8tk+1 t;=0"F,
G=1,2,.. k41
= Z axik+1k+1 Z ek (LL‘;kil(C),f)
Tigy1 €X gexk
= Y ag(c9).
§€Xk+1

Hence, by induction (3.9) holds for all & > 1. Now by assumption
F.[a] =0 on [ty,to + 1. Therefore,

> (e, =0, k>1. (3.10)

cexk

Furthermore, observe that the left-hand side of the above expression
is a polynomial function of the input parameters «;;. Thus, one can
compute partial derivatives of this expression with respect to ;. Let
l1,l2,...,l; be any k-tuple where I, € {0,1,...,m}. Then

ak
Oay, 00, k—1- -0y

(1 L=, j=1,2.. .k
"1 0 : otherwise.

Qg kO e—1 " Qq 1

Taking such partial derivatives of both sides of equation (3.10) yields

8k
Oay, k0ayg, j—1- -0y

§ QG ki k—1 " Qg1 (€ T Ty, -+ X4y)
xikxikfl Ty EXk

= (C’ Ll Lly_q " 'xll)

=0.
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That is, for any n = a2, , - -2, € X* k> 1, it follows that
(¢,n) = 0. One caveat in this argument, however, is the case where
one or more i; = 0. Recall that og; has been fixed to one, so it is
not really a free variable in the setup. A straightforward check shows
that the above argument will give the desired result when all partials
of the form 0/0ap ; are simply omitted. Finally, setting u = 0 gives
(¢,0) = 0. Thus, ¢ = 0 as desired. [ ]

Next, the main analyticity theorem is given. The basic claim is
that real analytic inputs produce real analytic outputs. The proof is
accomplished by extending the setup to the complex field, using tools
from the theory of complex variables, and then restricting the results
back to the real field.

Theorem 3.6 If ¢ € RY (X)) and u € By (R)[to, to + T is real
analytic on [to,to + T|, then y = F.[u] is real analytic on [to,to + T
provided that R, T > 0 are sufficiently small.

Proof: Assume ty = 0 and R,T > 0 are selected so that a given u €
BJ*(R)[0,T7] is real analytic on [0, T] and y = F¢[u] is well defined. Let
% be the complex extension of u which is analytic on a neighborhood
We of [0, 7] in the complex plane. Without loss of generality, one can
assume that W¢ is simply connected, that the closure W¢ of We is
compact, and that @ is analytic on W¢. Thus, for any fixed path in
We there exists some R > 0 such that lal, < R. Here the norm
is extended in a natural way using the moduli of the components of
t(w) as w follows the given path. Now for such a @ define the iterated
integrals E,[ua] : We — C by

Byl (w) = /0 NGO B Q) dC, me X, ne X,

where Ey = 1 and ¢ = 1. By induction, the integrand is analytic on
We , so the value of the integral is independent of the path (chosen
inside W¢), and the resulting function is analytic on W¢ as well. As in
the proof of Theorem 3.1, it can be shown from the assumed growth
condition that the series

gw) =Y (e,n)Eyla](w)

neXx*

converges uniformly on We. Since each E,[u|(w) is analytic on W, it
follows that g(w) is also analytic on W (see Problem 3.2.7). Clearly
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y(w) is an analytic complex extension of the real-valued function

y(t) = Y (e Eylu](t).

nex

In which case, the restriction of § to [0,7], namely y, is real analytic
on [0, 7). ]

It is important to point out what is not being claimed in the the-
orem above. Namely, that if u© can be represented by a single power
series over [0, 7] then so can y = Fi[u]. This claim is generally false as
shown in the next example.

Example 3.5 Reconsider the Wiener system in Example 3.3 with p =
1. Take the input to be the entire function u(¢) = — sin 7¢. Then clearly
“u[07T1||1 < T so that F.[u] converges at least on [0, 7] for any T < 1.
However, observe more specifically that

and hence,
1 s
y(t) = 2 )

- 1—2(t) T +sin® (5t

for any ¢ € [0,00). So while u has a Taylor series at ¢ = 0 which
converges everywhere on [0,00), it will be shown that y does not.
Define the function

flw) = g + sin? (gw) ,

where w = a + 1b. It is easy to verify, using the identity

sing— "
that
Re(f(w)) = %(1 + 7 — cos(ra) cosh (b))
Im(f(w)) = % sin(ma) sinh(rb).
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Im(w)

Re(w)

Fig. 3.5. Values of w for which Re(f(w)) = 0 (dashed lines), Im(f(w)) = 0 (real
and imaginary axes), and the region of convergence for the Taylor series of y at
t =0 in Example 3.5 (inside inner circle).

In which case, Im(f(w)) = 0 within the unit circle only along both the
real and imaginary axes. The values of w for which Re(f(w)) =0 are
shown in Figure 3.5. Thus, inside the unit circle, f(w) = 0 only when
w = Fiwy, where

1
wy = — cosh™ (7 + 1) = 0.6682353705.

™

So while y is real analytic at every point within [0, 00), the series
representation of y at ¢ = 0 only converges on [0, wp). Any shift of this
representation to another point within [0, 00) has similar limitations.
Thus, at least two series are needed to represent y on [0, 00). With the
help of symbol manipulation software, the first ten terms of the Taylor
series at w = 0 are found to be

1 1 1
y(w) =1 — 57rw2+ﬂ7r2 (7T+6)w4— %w3 (307r+772+90) w4
1 4 2 3 8 1 5
126 1260 7 + 2520) w® — ———
20320 " (12677 + 77 +12607 +2520) w” — g
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(5107 + 7% + 13230 7% + 75600 7 + 113400) w'® + O (w'?)
=1 — 1.570796327 w? + 3.759329296 w* — 8.359524051 w®+
18.73043265 w® — 41.94529728 w'’ + O (w'?) .

The square root of the ratio of the magnitudes of the last two nonzero
coefficients of this series,

\/18.73043265/41.94529728 = (0.668239688,

must give an estimate of wg since the radius of convergence of such a
series, R, and the smallest geometric growth constant, M, are related
as R = 1/M (see Section 1.1). It is worth restating the very subtle
point that while this series representation of y diverges at t = wy,
the function y is perfectly well defined at ¢ = wp, namely y(wy) =
0.676214167 (recall Problem 1.1.1). 0

As Theorem 3.2 demonstrated, the input-output system F,. can be
viewed as a mapping between to closed balls in the normed linear
spaces Ly'[to,to + T and Lé [to,to + T'] when its generating series is
locally convergent. Thus, it makes sense to consider whether the map-
ping is continuous as an operator between these spaces. The following
theorem answers this question to the affirmative.

Theorem 3.7 Suppose c € R; (X)) and select any pair of conjugate
exponents p,q € [0,00|. If the real numbers R, T > 0 are sufficiently
small, then the operator

F.: BJ'(R)lto, to + T) — BL(S)[to, to + T

for some S > 0 is continuous with respect to the Ly, and Lq norms.
That is, for any € > 0 there exists a 6 > 0 such that for any
u,v € Bi'(R)[to, to + T] satisfying [[v—ul, < & it follows that
[Fe[v] = Felullly <.

Proof: 1t is first proved by induction on the length of the word n € X*
that the mapping

Ey : Bl'(R)[to, to + T] = Bi(S)[to, to + T

has the desired continuity property. The focus is on the case where
p,q € (1,00) (the remaining case is handled similarly and left to the
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reader). Without loss of generality, assume ¢y = 0. The claim is trivial
when 7 is the empty word. If n = z;, then

IBale) ~ Exlally = [ 1Balol) ~ B fular)

< </0T (/OT o (1) — wi(7)] d7>th>;

T 1
:/ |vi(T) — ui(T)| dT T
0
2
< lvi — |, T
< v —ull, T,

where Hélder’s inequality has been used in the second to the last step
above. Thus, if [[v —ul|, < 4§ := ¢/T?/1, then clearly

HELUZ ['U] - Eml [U]Hq < €.

Now suppose the claim holds for all words up to some fixed length
k > 0. Then for any x; € X and n € X* observe

[ Ezin[v] = Exnlull

(Em[v] - /0 () By [o](7) dr
([ Bl dr = Euglu

+

)
)

q

S ‘

Prglol = | wr) B ol() dr
\ o
S([(AﬁMﬂ—mwmmmvﬂmfay+

([([Mmmmmmmmmmﬂhgé

T 1
S/o Vi (1) — i (7)| | Ey[v](T)| dT T+

| wln)Bfol(r) dr = Byl

0
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T 1
/O (7)) | Bglo)(7) — Eyfu)(7)] dr T
< o —ull, |Eg[olll, T3 + lull, | Egle] = Eqfudlll, T

From the induction hypothesis E,, is continuous in the desired sense.
Thus, it follows that for any € > 0, there exists a 6’ > 0 such that

[Eg[v]llq < 1 Eglulll +1

and .
[ully [ Ey[v] — Eqlulll, T < €/2

for all v in a ball centered at u of radius ¢’ > 0.6 In which case, choose

€/2
(IEylulll, + )T

§ =min ¢ &,

so that if [[u —v]|, <§, then
|Bainlv] = Bauglull, < e

Hence, by induction, E; is continuous with respect to the L, and L,
norms for every n € X*.

To show that F. is also continuous in the desired sense, observe
that for any integer N > 0

1Eefo] = Felully = D2 D (eon)(Bylv] — Eylu])
k=0 neXx* q
N—-1
< Z (¢, n)(Eylv] — Eylu])|| +
k=0 neXx*k q
S5 (e (Bylo] — Eyfu)
k=N ncXk q
N-1
< Z (e, m)(Eylv] = Eplu])|| +
k=0 nex*

© Of course, ' must be selected so that this ball is contained inside By*(R)[0, T7.
It is also being tacitly assumed that u is not on the boundary of By"(R)[0, T7.
Otherwise, this argument needs a few minor adjustments.
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o0
23 K(MR(m+ 1)),
k=N
where K, M > 0 are defined as in the proof of the previous theorem.
Clearly, the second term above can be bounded by €/2 by selecting N
to be sufficiently large. For this fixed IV, it is now possible to bound
the first term by €/2 since each E, in this finite sum is continuous as
shown above. This proves the theorem. [ |

3.3 Global Input-Output Properties

In this section, a general condition is described under which a Fliess
operator is globally convergent. In addition, a global counterpart for
the analyticity of the output function is presented. The first theorem
introduces a growth condition for the coefficients of ¢ under which F
is well defined for every input function from LY, (to).

Theorem 3.8 Suppose ¢ € RY((X)) is a series with coefficients that

satisfy
(e, m)| < KM (|n|1)*, ¥y e X~ (3.11)

for some real numbers K, M > 0 and s € [0,1). Then for any u €
LT (to), the series

y(t) = Felul(t) = Y (c.m)Eylul(t) (3.12)
nex*
converges absolutely and uniformly on [to,to + T] for any T > 0.

Proof: Without loss of generality assume that t5 = 0. Choose any
T > 0 and pick any u € L’,(0). Let

R = max { [ugo.n|, . T}

If the coefficients of ¢ satisfy the global growth condition (3.11) then
the upperbound (3.5) in the proof of Theorem 3.1 can be strengthened
to

o0

NCUEREEDY (IR OF,

nex*
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Defining the sequence ay := (M R(m + 1))*/(k!)}=%, it is clear that

. Qg1 1
1 = (M 1)) I —— =0.
Jm == = (MEm+1)) lim mmmes =0

Thus, from the ratio test the series in (3.12) must converge absolutely
and uniformly on [0, 7. ]

The set of all ¢ € RY((X)) which satisfy the global growth condi-
tion (3.11) will be denoted by R, ((X)). For any given ¢, a constant
s for which there exists K, M > 0 satisfying (3.11) is called a Gevrey
order. Clearly if s’ > s then ¢ will also have Gevrey order s’. The min-
imum of all Gevrey orders of ¢ is written as s*. The following corollary
is a direct consequence of the fact that the extended spaces Ly, (to),
p € [1,00] are nested.

Corollary 3.2 Ifc € RLA((X)) andu € Ly (to) with p € [1,00], then
the series (3.12) converges on [to,to + T) for any T > 0.

Example 3.6 Let X = {xg, 21} and consider a linear series

[e.e]
c= Z CA*B zhx
k=0

with A € R™" nonzero and B,CT € R"*!. Observe that

- zkx
(e, bz < lICI A1 1B] = (ICl 1Bl 1A~ 4], k> o,

where ||-]| denotes any (sub-multiplicative) matrix/vector norm. In
which case, ¢ € Rge((X)) with global growth constants K = ||C| || B]| -
1A, M = ||Al| and s* = 0. 0

Example 3.7 Consider the single-input, single-output Wiener system
as shown in Figure 3.6. Observe

2 (2(t)k
_ 50 G)

k=0
o0 1 (o]
= kf => Ei,u
k=0 k=0
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I

Fig. 3.6. The Wiener system in Example 3.7.

=D Eylul(t)

k=0
Felul(?),

where ¢ = 37, 2%, Clearly, |(c,n)] < 1 for all n € X* with X =
{zg,21}. So c is globally convergent with K =M =1and s*=0.

Example 3.8 This example suggests that the growth condition (3.11)
may only be a sufficient condition for global convergence, i.e., it is not
necessary. Suppose the system in the previous example is cascaded
with a copy of itself to produce the new system

y(t) = exp(Ex, [exp(Er, [u(t)])]-

It is not immediately evident that this new system has a Fliess operator
representation, this fact will be established in Section 3.6. But observe
that for any v € L;.(0), the output is well defined for every finite
t. Thus, any corresponding Fliess operator would have to be globally
convergent. However, consider the special case where u(t) = 1 on any
finite interval [0, 7] so that

' >t
y(t) =e" = By, t>0
n.

n=0

as shown in Figure 3.7, where B, n > 0 is the integer sequence known
as the Bell numbers. The first few Bell numbers are: 1, 2, 5, 15, 52,
203, 877, 4140. Their asymptotic behavior is known to simultaneously
satisfy the following three limits:

. Bp
lim WZOO’ VM>0

n—o0

n

im =00, 0<s<«<1
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In(In(y(1))

Fig. 3.7. The function y(t) = e Lin Example 3.8 plotted on a double logarithmic
scale (solid line) and the function 7 (t) = ¢t (dashed line).

The first two limits imply that the Bell numbers are growing faster
than the global growth rate (3.11), where it is always assumed that
s € [0, 1). The third limit indicates a growth rate corresponding to s* =
1 and 0 < M < 1. In which case, there exist globally convergent Fliess
operators which do not satisfy global growth condition (3.11). This
issue will be revisited in Section 3.6 where cascade interconnections
are considered in detail. It is in this context that such systems can
naturally appear. O

Finally, the global analogue of Theorem 3.6 is considered. This
result will be used in Chapter 6, where state space realizations of F
are considered. The proof is very similar to its local counterpart except
that the global growth condition now permits an arbitrary 7" > 0 to
be handled in much the same way as it was in the previous theorem.
The details are thus left to the reader.

Theorem 3.9 If ¢ € R, (X)) and u € Ly (to) with p € [1,00] is
real analytic, then y = F.[u] is real analytic on [to,to + T| for any
T >0.
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3.4 Volterra Operators

Volterra operators date back to as early as the 1880s and are arguably
the most widely used class of nonlinear operators in science and en-
gineering. They can be viewed as a natural generalization of a linear
integral operator. Recall from Chapter 1 that a causal linear input-
output system taking m inputs to £ outputs can be expressed in terms

of the linear integral operator

yw—[MmMmh

m t
:Z/Wmmmmt>m
i=1"to

One could define a second-order integral operator as
m t T2
yg(t) = Z / / wm-l(t, TQ,Tl)uiz(Tz)uil(Tl) dT1 dTQ
i1,ip=1"10 /o
or a k-th order integral operator as

m t T T2
yi(t) = Z /to /to /to Wipooiy (6 They oo, T1)-

i1,eeyip=1

Wiy (Tg) - - - ugy (1) dry - - - dy,

This motivates the following definition.”

Definition 3.5 A Volterra operator is any mapping of the form

Viue yt) = (),
k=0

where the zero-order (nonhomogeneous) term is formally defined as

yo(t) = wy(t).

Now in the event that the kernel functions w,...;; are real analytic
over a common domain, the following theorem states that V' can have

a Fliess operator representation.

7 Caution, the subscripts on output y are not indicating component functions in

this section
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Theorem 3.10 Suppose V' is a Volterra operator, where each kernel
function has a series representation

oo

o Nk Nkg—1 1o
Wiy iy (6 Thy ooy T1) = E (c,xpFa g Ly x°)-
ng,...,n,=0

(t _ Tk)nk (Tk: _ Tk_l)nk—l A (7—1 _ to)no
ng! ng_1! - no!

on some domain
Dp={(t,7h,...,7) ERF L itg + Ty >t >7, > - > >t}

If ¢ € RL (X)) and p € [1,00], then there exists R,T > 0 such that
V = F. on B'(R)[to,to + T]. If ¢ € R4 (X)), then V = F,. on
Ly (to)-

Proof: For k > 1 observe

U105t =1 M0,...,nK=0
[ T2 (¢ — ) T — T Nkg—1
A A
to Jito to Nk Nk—1
1 to 7o
ull(ﬁ)( ‘) dr - - dTy,
ngp:

E w1 nolu](t to)
0 0 ‘1
When k = 0
t—t t—t)?
yo(t) = (¢,0) + (c,20) 7 + (c,13)" 2,0)
= > (e, 7°) Bymolu](t, to)
np=0

Therefore,
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which is well defined for every u on some closed-ball BJ*(R)l[to,to +
T] if ¢ € R} ((X)) (Theorem 3.1) and on Ly (to) if ¢ € R ((X))
(Theorem 3.8). ]

Example 3.9 Reconsider the Wiener system in Example 3.3. It was
shown earlier that

Zk'E k[u](t, to)

—1+ // /k'u1 Tk) - uy(71) dmy - - - dr.
to Jto to

Thus, by direct observation, the kernel functions of the corresponding
Volterra operator are

wit1 (& Tgy..,m1) =k, k>1
~——
k times

wep(t) = 1.

It is clear that the generating series c is locally convergent with growth
constants K = M = 1. So the Volterra operator with ¢ty = 0 is well
defined on B1(R)|[0,T] for sufficiently small R,T" > 0. 0

Example 3.10 Consider a series
c— E Z ... Zlf}/)xzk...le’
k=011,...,ix=0

where N;; € R™", i; € {0,1,...,m} and v, AT e R™1. Each word
Z;, - - x; can be rewritten uniquely in the form

Nk .. Nk—1 ., L. 0
Ty Ty, Lo Tip_4 Ty TipZTg o,

where now i; € {1,2,...,m} (see equation (2.43)). In which case, ¢
has the equivalent form

0 m o)
=2 D X ONFUNANGNuNj)
sy Tk

k=011,...,ix=1n =0
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Nk —
A R AR AN
By inspection, the corresponding Volterra kernel function for any £ > 1
is

00
wik...z‘l(t,Tk,...,Tl) = Z ()\NSLkNikNgk71 -"NilNgo’y)'
nQ,...,nEp=0
(t — Tk)nk (Tk — Tk_l)nkfl R (71 — to)no

ng! ng_1!- - ng!

= AeMNolt=m) N, No(Tk=Ti-1) L ; eNo(mi—to)

and similarly,
wy(t) = AeMNolt=to),

Therefore, the associated Volterra operator is

y(t) = )\eNO(tftO)’y—i—

> m t Tk T2
D / / / 2eMNol=) N, oNo(ri=ricn) ..
to Jto to

k=111,...ip=1

NileNo(nfto)fy wi, (1) -+ uy (11) dry - - - dr.

It is easily verified that ¢ € Rge((X)) (see Theorem 4.1), hence the
operator is well defined on any Lg}e(to) space. Truncating this series
to first order gives the linear input-output mapping

4(t) = yo(t) + 1 (1)

m t
— AeMoli=ta)y 1 57 / A=) N No(—t0).y () dr.
i=1 %0

If, in addition, Ny and N; commute for each ¢ = 1,2,...,m then a
corresponding linear state space system is

m

z = Noz + ZNﬂuz’, z(to) =
i1

U= Az.
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3.5 Parallel Connections

Given two input-output systems with Fliess operator representations
F. and Fy, it is natural in applications to interconnect them to form
new and more complex systems. In this section and the two subsequent
sections, three elementary types of connections are analyzed in detail:
the parallel connection, the cascade connection, and the feedback con-
nection. In each case, the following questions need to be addressed:

1. Is the composite system well-posed? That is, are the applied inputs
to each subsystem well defined and admissible?

2. Does the composite system have a Chen-Fliess series representa-
tion?

3. If so, how exactly is the generating series of the composite system
computed?

4. What is the nature of the convergence of the Chen-Fliess series rep-
resenting the composite system? Is it divergent, locally convergent,
globally convergent?

5. Finally, what can be said about the radius of convergence of the
composite system if it is known to be only locally convergent?
This concept will require a precise definition, but roughly speaking
this will provide a more detailed characterization of the composite
system’s local convergence properties.

The starting point is the two parallel connections shown in Fig-
ure 3.8. Both F. and Fj; are driven with the same input function,
u, and their respective outputs are either added or multiplied point-
wise in time. In each case, the outputs are also combined component-
wise, therefore, it is assumed throughout that both systems have the
same number of outputs. These interconnections are clearly well-posed
when both generating series are locally convergent in light of apply-
ing Theorem 3.1 using the growth constants K = max (K., K;) and
M = max(M,., My). The first theorem states that both parallel con-
nections have Chen-Fliess series representations, and the generating
series is provided in each case.

Theorem 3.11 Given Fliess operators F, and Fy, where c,d € R% (X)),
the parallel connections F. + Fy and F.Fy have generating series ¢+ d
and cw d, respectively. That is, Fo+ Fqg= Feyq and FoFyg=F. 4.

Proof: For the parallel sum connection, observe that

Edition 1.2, Copyright (© 2022 by W. Steven Gray



3.5 Parallel Connections 145

v
=

|
ufj

Fy

(a) parallel connection with an adder (parallel sum)

|
Q?J

> F,

(b) parallel connection with a multiplier (parallel product)

Fig. 3.8. Parallel system connections under consideration

Fufu] + Fylul = ) (e.;n)Eglu] + ) (d,n)Eylu]

nex* neXx*
= > (c+dn)Eyu]
neXx*
= Fc+d[u].

For the parallel product connection, in light of the componentwise
definition of the shuffle product and Lemma 2.3, it follows that

Folul(t)Falu] = ) (e,n)Bylu] Y (d, &) Eelu]

nex* feX*

= 3 (en)(d,€) By elul
n,eX*

= F,. ., qlu].

Example 3.11 Reconsider Example 3.3, where
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A(t) = /0 u(r) dr, y(t)zl_lz(t).

The corresponding input-output equation can be shown by direct dif-
ferentiation of y to be

y—y*u=0, y(0)=1.

But since y = F[u] with

oo

k

c= g k! 7,
k=0

this equation can also be verified starting with F. by computing its
square, which can be viewed as a parallel product connection, and
then comparing the result against the time derivative F,. found via
Theorem 3.4. Specifically, y? = (F.)2 = F. ., ¢, where

[e.9]
cwe= Z kb bt

In which case,

as expected. 0
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The next two theorems show that both RY ~((X)) and RS ((X))
are closed under addition and the shuffle product.

Theorem 3.12 Suppose ¢, d € RELC(<X>> with growth constants K.,
M. > 0 and K4, My > 0, respectively. Then ¢ +d € RS (X)) and
cuwd € REL((X)). Specifically,

l(c+d,v)| < (K. + K )MV ||, Yve X*, (3.13)

and
l(cwd,v)| < KKgMP(jv] + 1)1, Wv e X*, (3.14)

where M = max{ M., My}.

Note that since n + 1 < 2" for all n > 0, equation (3.14) implies
the more conventional local convergence upper bound

((cwd,v)| < K KMl v e X*.

Proof: The upper bound regarding ¢+ d is trivial to produce. For the
shuffle product, observe that

|v|

|Cu_|dl/|—z Z C77 d&nu—'&)

k=0 nEXk
cexlvi=k

v

<3SN KeMFR KM T (v~ k) (g wg,w)

k=0 77€Xk
cexlvi=k

v
< K KM R (Jv] = k)] ("")
d kzzo (vl =B,
v
= KK MMy !
k=0
= K K M"(Jv| + 1)

(see Problem 2.4.3). [ ]
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Theorem 3.13 Let ¢,d € RL.((X)) with the minimum of their
Gevrey orders being s and s}, respectively. Then c + d € Réc<<X>>
and cod € REo (X)), and in particular, s, , < max(s},s}) and
SZu_rd < maX(Sza 5?1)

The proof for the theorem above can be found in the literature. A
special case is addressed in Problem 3.5.1.

Example 3.12 Let X = {x¢,z;} and consider two linear series ¢, d €
Ree((X)) with corresponding coefficients

(c,xbx1) = C.ARB., (d,afx1) = CqAiB,, k>0

(see Example 3.6). Then the generating series for the parallel sum
connection has coefficients
(c+d, a:’gajl) = CCAIC“Bc + CdAlde
= [C. Cy)(diag(Ac, Ag)"[BE Bi)*, k>0.

Since this connection produces another linear series in the same class as
cand d, the composite system is also globally convergent with s7, , = 0.

0

Example 3.13 Let Xy = {z¢} and consider two series ¢, d € R[[X(]]
with coeflicients

(c, x’é) = CCAIEZC, (d, xlg) = CdAljzd, k>0,

where A, € R"eXne Ay € Rraxnma CT 5 ¢ Rrex1, CdT,zd € Rraxl,
Then

(C wd, J"IS) = Z (CCAZCZC)(CdAiIZd)(IE%) = :L%v xlg)

1,7=0

k
4 (k
= (CcAlcgij Zc)(CdAled) ( >
=0 J

k
= (Cc® Ca) |y (A7 @ 47 @ (ze @ 2d),

J=0

using Problem 2.4.5(b) and Kronecker product identity
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(A® B)(C® D) =AB® CD.
From the definition of the Kronecker sum,
A®B=(A®I,) + (.. ® B),

it follows that

J

k
(Ao B)F =) (AT B) <k>
7=0
(see Problem 3.5.2). Therefore, the series ¢ d has coefficients

(Cmd, :clg) = (Cc (=) Cd)(Ac D Ad)k(zc X Zd), k>0,

which is clearly globally convergent. The series ¢ and d are associ-
ated with autonomous linear state space realizations (4., C., z.) and
(Ag, Cq, zq), respectively. In which case, the triple (A, ® Ay, C. ®
Cy, 2.®zq) is a linear state space realization of the input-output system
F. . 4[u] when u = 0. 0

Now that it has been shown that local and global convergence are
preserved for the generating series of parallel connections, a finer con-
vergence analysis is pursued for the local case, that is when the min-
imum Gevrey order is s* = 1. In Theorem 3.1 it was established that
the series defining y = Fi[u] converges on BY"(R)[to,to + T] if R and
T satisfy .

max{R,T} < Mo £ 1)
Clearly, the smaller the geometric growth constant M., the larger R
and T can be while maintaining a well defined output function y.
It is natural to ask, therefore, whether the growth constant M =
max{ M., My} found in Theorem 3.12 for the parallel connections is
the smallest possible geometric growth constant for ¢ + d and cw d,
assuming of course that M. and My are the smallest possible geo-
metric growth constants for ¢ and d, respectively. If not, then the
domains of F,..4 and F, 4 are being unnecessarily restricted. To an-
swer this question, some additional concepts and tools are needed. Let
7 : REL((X)) — RY U {0} be the mapping which takes each series ¢
to the infimum of all geometric growth constants satisfying (3.2). Note
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that since RS ((X)) C RE((X)), it is possible for 7(c) = 0. Now
partition R} ~((X)) into equivalence classes and define 1/(M.(m + 1))
to be the radius of convergence for the class 7= 1(M.) when M. > 0.
This is in contrast to the usual situation where a radius of conver-
gence is assigned to individual series. In practice, it is not difficult to
estimate the minimal M, for many series either analytically or numer-
ically, in which case, the radius of convergence for 7=1(M.) provides
an easily computed lower bound for the radius of convergence of ¢ in
the usual sense as not every coefficient of ¢ necessarily grows at the
maximum rate. The specific goal here is to determine analytically this
lower bound for ¢+ d and ¢ d. The following definition is useful.

Definition 3.6 Given an alphabet X and a fived s € R, the maximal
series having growth constants K, M > 0 is the element in RY((X))
where each component series has the form ¢; =, y- KM (|n1)s .
When s = 1 the series is called locally maximal.

In the context of convergence analysis, locally maximal series rep-
resent worst case series in that every coefficient in the series is growing
at its maximum possible rate.® The following theorem from complex
analysis is the main technical tool needed for the calculation.

Theorem 3.14 Let f(z) =), ~qan2"/n! be an analytic function on
some neighborhood of the origin in the complex plane. Suppose zy # 0 is
a singularity of f of smallest modulus. Then for any € > 0 there exists
an integer N > 0 such that for all n > N, |a,| < ((1/]z0]) +€)" nl.
Furthermore, for infinitely many n, |a,| > ((1/|20]) — €)" n!.

The essence of this theorem is that the real number 1/ |zy| is an
infimum on the set of geometric growth constants bounding the mag-
nitude of coefficients a,, n > 0 of the exponential generating series for
the function f. That is, select any € > 0 and as shown in Figure 3.9,
the coefficients will eventually be bounded by ((1/|zo]) + €)"n! when
n is sufficiently large. Furthermore, no number smaller than 1/ |z
will have this property. No claim is made regarding the case where
e = 0. Finally, one can always introduce a K > 1, if necessary, so
that |a,| < K((1/|20]) + €)"n!, n > 0. The next lemma applies this
theorem and provides the crucial insight into determining the radius
of convergence for the parallel sum connection.

8 See Appendix B for additional information.
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log(|a,|/n!)

log(K) -
° ’," o e=0
° ’«”. °
2--
,,"’ slope=log(1/|z]|)>0
Lo N=3 n
0 1 2 3 4 5 6 7

Fig. 3.9. A typical growth bound for the coefficients of an exponential generating
series of a function which is real analytic at z = 0 as described in Theorem 3.14.

Lemma 3.2 Suppose X = {xg,21,...,Tm}. Let & and d be locally
mazximal series with growth constants K.,M., > 0 and Kg, My > 0,
respectively. If b = ¢ + d, then the sequence (bz,xo) k > 0 has the
exponential generating function

© k
T K Ky
= b; 0 — <
f(JfO) kZO( v xO) k! 1-— MCCL'O * 1-— Md$0
for everyi=1,2,...,L. Moreover, the infimum of all possible geomet-

ric growth constants for b is
Mb = maX{MC, Md}.

Proof: There is no loss of generality in assuming ¢ = 1. Observe for
any v € X" n > 0 that

(b,v) = (@ v) + (d,v) = (K.M" + KM n!

Furthermore, (b,v) = (b,z), n > 0. The key idea is that f(¢) is the
zero-input response of Fj. Specifically,

=> (b, xo = F3[0] = F2[0] + F4[0]
k=0
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> K, K,
K, MFt* Ky MYtk — ¢ d__ 1
e +kzo dd Mt 1= My (3.15)

o

i

Since f is analytic at the origin, by Theorem 3.14 the infimum of all
geometric growth constants for the sequence (b, x§), n > 0, and thus
for the entire formal power series b, is determined by the location of
any singularity nearest to the origin in the complex plane, say zg.
Specifically, My = 1/|zg|, where it is easily verified from (3.15) that zg
is the positive real number

1

0= max{ M., My}

This proves the lemma. [ |

Now the main result is given below. It confirms what was not at all
obvious in Theorem 3.12, i.e., that M, = max{M,, My} is the mini-
mum geometric growth constant for all parallel sum connections given
only the geometric growth constants for the generating series of the
component systems.

Theorem 3.15 Suppose X = {x,21,...,2m}. Let c,d € R} ((X))/
Ré()((X» with growth constants K., M. > 0 and K4, My > 0, respec-
tively. If b = c + d, then

(b, v)| < KoM |v]!, ve X (3.16)

for some Ky, > 0, where My = max{ M., My}. Furthermore, if M. and
My are minimal, then no smaller geometric growth constant can satisfy
(3.16). Thus, the radius of convergence of ¢+ d is

1
Mb(m + 1) '

Proof: First observe that for all v € X* and i =1,2,...,¢

where ¢, d and b are defined as in Lemma 3.2. Applying this lemma, it
is clear that for any ¢ > 0 and some K > 0
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(bs,v) < Kp(My + e)I|u|!, v e X*.

Furthermore, there is no geometric growth constant smaller than M,
since b and b are in the same growth equivalence class. In this specific
case, it was shown in Theorem 3.12 that the bound does apply even
when € = 0. ]

A similar analysis is now undertaken for the parallel product con-
nection. The following lemma is a prerequisite.

Lemma 3.3 Suppose X = {zo,21,...,Tm}. Let ¢,d € R} (X)) be
locally mazimal series with growth constants K., M. > 0 and Kq, My >
0, respectively. If b = ¢w d, then the sequence (b;,xf), k > 0 has the
exponential generating function

f(zo) K. Ky

€T =

O (1= Myxo)(1 — Maao)

for everyi=1,2,...,L. Moreover, the infimum of all possible geomet-

ric growth constants for b is
Mb = max{Mc, Md}

Proof: There is no loss of generality in assuming ¢ = 1. Observe for
any v € X™ n > 0 that

(B’ v) = Z Z (6777)(875)(77‘—‘—’57V)

§=0 nexi
cexn—J
n ' )
=Y K MG KM (=) Y (nwé,v)
7=0 nexi ,
cexn—J
n ) . n
— 2 K M KqMy ™ (n — j)! ( >
0 J
]_
n _ )
= K.Kq | Y MM | nl. (3.17)
j=0

Therefore, b and the sequence (b, xg), n > 0 will have the same infimum
on their geometric growth constants. Next note that f(¢) is the zero-
input response of Fj. Specifically,
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o0

k
76) = s 2b) 17 = F3l0] = Fol0) (0
k=0

— K Mktk K Mktk — cfhd ‘
kZ_O e kZ_O AT T (= M) (1 — Myt)

Since f is analytic at the origin, Theorem 3.14 is applied to compute
the infimum on the geometric growth constants, namely, M, = 1/|z],

where
1

max{ M., My}
This proves the theorem. [ |

zZ0 —

Now the main convergence result for this interconnection is pre-
sented. There is one significant difference from the previous case,
namely, Mp is only an infimum on the geometric growth constants,
not a minimum.

Theorem 3.16 Suppose X = {0, 21,...,2m}. Let c,d € R} ((X))/
Réc<(X>> with growth constants K., M. > 0 and K4, My > 0, respec-
tively. If b = cw d, then for every e > 0

(b, )| < Ky(My + )V|y)!, ve X (3.18)

for some Ky, > 0, where My = max{ M., My}. Furthermore, if M. and
My are minimal, then no smaller geometric growth constant can satisfy
(3.18), and thus the radius of convergence of ¢ uid is

1
My(m +1)

Proof: Assume ¢ =1 and observe for all v € X* that

(cwd ) <D D lenlldolnwev)

J=0 nexj
cexn—i

< Z Z (57 77)(627£)(77‘—U£7 V)

Jj=0 nexJ
cexn—i

= (67’/)7
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8
Joa(z) —— *f:(o‘z

7r Joa(z) —— ~ Ko,
Joos(z) K05

6L

51

90 100
Fig. 3.10. Sample plots of f.(z) and K..

where b, ¢ and d are defined as in Lemma 3.3. A direct application of
this lemma gives for any ¢ > 0

(b,v) < Kp(My + e)¥|v)!, v e X*

for some K > 0. Furthermore, (B,mg), n > 0 can not be bounded by
any smaller geometric growth constant. Thus, the theorem is proved.
|

Since the exponential generating functions in Lemma 3.2 and
Lemma 3.3 have identical sets of singularities, the parallel sum and
parallel product connections must have the same radii of convergence.
But as indicated early, their behavior exactly at the boundary of the
region of convergence is different. Specifically, the parallel sum con-
nection is well defined at the boundary, while the parallel product
connection is not. To see this, set M = M, = My in the proof of
Lemma 3.3 and define M, = M (1 + ¢) with € > 0. If there exists a K,
such that (b,v) < KM |v|! for all v € X*, then necessarily

)
u
1/6)1()* M|V|'

< Kp < 0.

From (3.17) it follows directly that
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U ———> F,

A4
=
<@

(a) Wiener-Fliess system

U ———> F, > F ——>1v

(b) cascade connection of two Fliess operators

Fig. 3.11. Cascade system connections

b
sup (b,v) = K.K, sup

— KK,
veX* ME‘I/" veEX* (1—|—€)‘V| e

where K, := sup,cy-(|[v| +1)/(1 + ¢)l. An upper bound for K, is
found by showing that fc(x) = (x 4+ 1)/(1 + €)* has a single maximum
at ¥ = (1/log(1+€)) —1 >0 when 0 < € < e — 1. Therefore,

1+e

Ke<f(e:: € 0= _17'
= f(xe) € 10g(1+€)

In this case, the upper bound is tight (see Figure 3.10). For € > e —
1, K. = 1 and K, > 1, and thus this upper bound is conservative.
In addition, since K. becomes unbounded as € vanishes, this parallel
product connection is not well defined directly on the boundary of the
region of convergence.

3.6 Cascade Connections

A cascade or series connection is an interconnection where the output
of one system is passed to the input of another system. Two examples
of cascade connections are shown in Figure 3.11. The Wiener-Fliess
system is a generalization of the classical Wiener system, where the
linear operator in the first (left-most) system is replaced by a Fliess
operator (see Example 3.3). The cascade of two Fliess operators is an
interconnection of two dynamical systems. The Wiener-Fliess system
is mot a special case of such an interconnection since in general Fliess
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operators are not memoryless (Fg,[u](t) = ¢y € R for all u and t be-
ing the only exception). Therefore, the underlying algebraic structures
describing these two types of cascade are distinct.

As with the parallel connections, the same set of five basic questions
needs to be addressed. Consider first, as an example, the well-posedness
of the cascade connection of two Fliess operators with m = £. The main
issue is whether the output of the first system v is an admissible input
to the second system F.. This is most easily handled by applying The-
orem 3.2 twice, once for v = Fy[u] and once for y = F[v]. Specifically,
set M = max{M,., My} and select R., Ry, and T such that

1

o= TP Ty < ——

Ry max{R, T} < (m+ )M
1

Rig:= RTYI Ty < —————.

va = max{ R T < oy

In which case, operators F. and F, converge on [0,T] provided u €
B,(R4)[0,T] and v € By(R.)[0,T]. Their corresponding outputs must
reside in By (S.)[0,T] and By(S54)[0, T'], respectively, where

s K. TP
T 1—(m+1)MR .
K, Tl
Sy d

T 1—(m+1)MRyg

Therefore, the output of Fj; will be an admissible input for F. whenever
B,(54)[0,T] C By(R.)[0,T]. That is, when

K, T4
al’ < R..
1-— (m + 1)MR17d

Observe that if this is not the case, then T' can always be decreased
to produce this condition. Hence, this cascade connection can always
well-posed. A similar argument can be given for Wiener-Fliess systems.

Determining whether a cascade system has a Chen-Fliess series rep-
resentation and what are the convergence properties of the composite
system requires much more work. The first two theorems below state
that for each case shown in Figure 3.11 the cascade system does have
a Chen-Fliess series representation, and an explicit expression is given
for its generating series using composition products as described in
Section 2.7.
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Theorem 3.17 Let X = {0, 21,...,2m} and X = {&1,%,...,%m}

Given a Fliess operator Fy, d € R?Q«X» and a function f.: R™ —
R® with generating series c € R} - [[X]] at z = (d,0), namely,

o) = X B0,

neX*
the cascade connection f.o Fy has the generating series in R((X))
_ (d—(d,0) 7
cod:= Z (c,n)T.
jeX*
That iS, fc o Fd = Fcod-

Proof:  The proof follows from elementary properties of the shuffle
product. Defining the proper series d := d — (d, ), observe that

feo Falu = ) <c,ﬁ>(z_57W7

feX*

Il
—
o
<X
S~—

—
2

Il
< h
m m
M <
—
. o
1)
S~—
—~
o
=
S~—
]
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- | S e by

neX* | peXx+

= Z (cod,n)Ey[u]

nex*

= cod[u] .

Recall that the properness of d ensures that cod is a well defined series
in RY((X)) (see Theorem 2.12). ]

Example 3.14 Consider a Wiener system where f.(z) = K/(1—Mz)
for some K,M > 0 and Fylu] = Y ", E,[u]. This is a modest
generalization of the system in Example 3.3. Here X = {#;} and
X = {20,71,...,2m} such that ¢ = Y,  KM*K!#}, and d is the

proper polynomial char(X). Then f. o Fy=F,_.4 with

L qwi > (char(X)) ¥
cod= (c,7) s > K MPE! T
ﬁGX* k=0
=3 KMk char(X*) = 37 KM ||ty
k=0 nex>

where the identity in Problem 2.4.6(b) has been used. Therefore, a
locally maximal series is the generating series for the Wiener system

y:K/(l_MEchar(X)[u])' [l

Next, the generating series for the cascade connection of two Fliess
operators is described.

Theorem 3.18 Let X = {xg,21,...,2m} and X = {%o,%1,...,Tm}
Given Fliess operators F. and Fy, where ¢ € R} (X)) and d €
RT((X)), the cascade connection F. o F; has the generating series

in RE((X))
cod= Z (¢, 1) pa(7) (1),
feX*

where g is the continuous (in the ultrametric sense) algebra homo-

morphism from R{(X)) into End(R((X))) uniquely specified by

Va(@im) = pa(Z;) @ Pa(i)), ¥ € X, 7€ X"
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using the family of mappings
Ya(Ei) : R{(X)) = R((X))
e mo(di L e),

=0,1,...,m. Here dy := 1, and 14(0)) denotes the identity map on
( ))- That is, Foo Fg = Feoq.

Proof: Tt is first shown by induction on the length of the word 77 € X*
that Ej o Fyy = Fjoq for any d € R™((X)). Trivially,

(Eg o Fy)[u] = Eg[Falu]] = Eplu] = Fy,0)1)lul-

Now assume that the claim holds for words 7 up to length k. Then for
any Z; € X observe that

Eg gl Falul](t,t0) = / Fy, [u)(7) E5[Fa[u]|(7, to) dr

to
= Fuo(d; o ga(i (1)) [} (t)
= Fwd(i‘iﬁ)(l) [u] (2).

Thus, the identity in question holds for every 77 € X*. Finally,

(Feo Fa)lul = > (e, i) BylFalull = > (¢,i) Fy ) [u]

neEX* nex*
= Z (C’ﬁ) Z (¢d(ﬁ)(1)a V)Eu[u]
qeX* veXx*

Example 3.15 In the case of linear time-invariant systems, there are
two approaches to describing the cascade connection of F,. and Fy.
In the context of linear system theory, each system can be uniquely
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identified in terms of its impulse response, h¢(t) = Y~ (c, zha1 )t /i!
and hy(t) = Zizo(d,méxl)ti /i!, respectively. The cascade connection
is then characterized by the convolution product:

(he * hq)(t)
he(t — T)hg(T) dr

I
S o~

7 7.]

0
= Z c 3:01:1 p =7 (d, $0x1)]— dr

N Z(C zow1)(d, ) 11]| / (t—7)ridr

i.j=0
oo | . |
= Z(c xha)(d, xoxl T 'Z <Z> 1)k;tz—k/ Skt gy
i,7=0 k 0
> N i .
= &) Thx d, ) -1 k.t
D etban ey LZO ()0 e
G ; . i+l
= wia)(d )
7;JZ:O(C zh)( 900361)(Z i
k-1 o

Z Z (c 370 x1)(d, xoxl) 7
k=1 | 57=0 ’
>

where the following identity for integer sequences has been used,

Ny L1 iljl ,
-1 = ,i>0 3.19
kz_o<k:>( e s A (3.19)

(see Problem 3.6.1), as well as the formula for the composition product
of two linear series as computed in Example 2.33.

A second approach is to use Theorem 3.18 directly. In which case
one first needs to determine the generating series for each subsystem.
Following the discussion in Section 1.3, recall that
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Fulu](t) = /0 helt — Fyu(r) dr

B > bt — T)k
Z(c,x’éxl)/o T’LL(T) dr
= S (e By, [u](1),

and likewise for F,. Thus, F, o F; = F,.,4, where the definition of the
composition product gives

el
|
—

(C © d7 $I(§$1) = (Ca l‘lgijilxl)(da IL‘%$1), k> 0.
J

Il
=)

as the only nonzero coefficients of ¢ o d. Therefore, reversing the steps
above,

Fooglu](t) = /O heoda(t — T)u(T) dr

as expected. 0

Example 3.16 Consider the cascade of F,. and Fy, where ¢ = Zkzo k! l’]f
and d = x1. Using the identity in Problem 2.7.7(a), it follows that

o0 o0
cod:Zk!x’foxl :Z(xoxl)“"k.
k=0 k=0

Therefore,

FCOd[u} = Z E(wo:ﬁ) Lk [U] = Z E§0x1 [u]
k=0 k=0
1

1- Eﬂﬁoﬂfl [u] .

This can be viewed as another generalization of the Wiener system
in Example 3.3, where the single integrator is replaced with a double
integrator. (See also Problem 3.6.4.) 0
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Suppose the operator F is given with ¢ € R% (X)), and one wants
to explicitly compute the output y = F.[u] on some interval [t, o+ T]
corresponding to a specific input v which is real analytic at ¢t = 3. In
light of Theorem 3.6, y must be real analytic at t = 3. So it suffices to
compute its generating series, ¢, € R} ,[[Xo]], where Xo = {zo}. The
theorem below provides an explicit formula for this series.

Theorem 3.19 Consider an operator F. with ¢ € R} ,((X)). Select
any input u which is real analytic at t =ty and has generating series
cu € RTA[[X0]]. Then the output functiony = F[u] is also real analytic
at t =ty and has the generating series ¢, = co ¢, € RY [ Xo]].

Proof: Only the claim regarding the generating series for ¢, remains
to be shown. Observe that for any admissible v € BJ"(R)[to,to + T

Fe,[v] =y = Fe[u] = Fe[Fe, [v]] = Feoc, [v].

Applying Theorem 3.5 gives directly that ¢, = c o ¢,. Note, however,
that the input v is just a dummy argument since both generating series
¢y and ¢, have no input letters x;, « # 0, and thus, their corresponding
Fliess operators do not depend on wv. [ ]

In Section 3.8, the mapping ¢, + c o ¢, will serve as the defini-
tion of a formal Fliess operator with generating series c. Since it has
been established that this composition is always well defined (via The-
orem 2.11), convergence assumptions play no role in this setting. But
when they are available, the formal Fliess operator and the convergent
Fliess operator coincide, which explains why the convergence assump-
tions made at the beginning of this section did not play a direct role
in the algebraic analysis.

Example 3.17 Consider the casual linear integral operator

y(t) = / Wt - TYu(r) dr,

where the kernel function h is real analytic at ¢ = 0. Then y = F,[u]
with (c,zfz1) = h®(0), & > 0 and zero otherwise. If u(t) =
Zkzo(cu,xlg) t*/k!, then it follows that y(t) = > nsoleys xg) t/nl,
where
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o0
Cy=Cocy = E (c,zfxy) zfry ocy
k=0
[ee]
E c,xkxy) b e,
k=0
Therefore,
n—1
n _§ : k n—1—k
(Cyva) - (07 1‘0561) (C’Mxo ), n Z ]-7
k=0

which is the same convolution sum produced in Examples 2.5, 2.33,
and 3.15. 0

Example 3.18 Reconsider the Wiener system in Example 3.3, where
it was shown that the input-output mapping u — y = F.[u] has the
generating series ¢ = >, o k! 2f. If u(t) = t"/nl, t > 0 then clearly
¢y, = x%. From Theorem 3.19 and the identities in Problems 2.4.5(d)
and 2.7.7(a) it follows that

¢, = Zk, 2k ol = Z nly i ! ((JnJrl)k‘

k=0 k:0

Consequently, the output response is

i k)! t(n+1)k i t("“ ]
)k gt

= ((n+ 1NE ((n+ Dk £ ((n+1)! 1_@

on the interval [0, ((n + 1))¥/7+1). .

Next convergence properties are considered. For both cascade con-
nections, it is claimed that local and global convergence are preserved
in the sense that if each subsystem has a locally (globally) generating
series then the Fliess operator representation of the cascaded system
is locally (globally) convergent. The radius of convergence is also given
for the case where the generating series for the component systems are
only locally convergent. The proofs of these results are quite technical,
so they will be left to the literature. In the global case, no claim will
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be made about the growth rate of the generating series of a compos-
ite system. It turns out that the composite system, as suggested by
Example 3.8, can be globally convergent without its generating series
being globally convergent as currently defined. This is not entirely un-
expected as coefficient growth rates were never shown to be a necessary
condition for any notion of operator convergence.

The main results for the Wiener-Fliess system are given first. As
discussed in Section 1.1, for any analytic function f : R™ — R¢ with
generating series ¢ € R [[X]], the multivariable Cauchy integral for-
mula provides that there exist real numbers K., M. > 0 such that

(e, )| < KM q), 7e X*

Analogous to the noncommutative case, the set of all locally convergent
series in R’ [[X]] will be denoted by R - [[X]] and likewise for globally
convergent series.

Theorem 3.20 Suppose ¢ € RS ., [X])/RE . [[X]] and d € RT.((X))/
(X)) with growth constants K¢, M. > 0 and Kq, My > 0, respec-
tively. If b= cod, then for every e >0

(b, v)] < Kp(My, + )|y, ve X (3.20)
for some Ky > 0, where
My, = (1 + ThMCKd)Md.

Furthermore, if M., Kq and Mg are minimal, then no geometric growth
constant smaller than My can satisfy (3.20), and thus, the radius of
convergence of b=cod is

1
(1 + rhMch)Md(m + 1) '

Example 3.19 Reconsider a Wiener system in Example 3.14, where
fe(2) = 1/(1 — 2) and Fylu] = " Ey,[u]. Clearly, ¢ is a locally
maximal series with K. = M. = 1. On the other hand, d is locally
convergent, but has no coefficient growth after a certain point. The
growth constants K4, My can therefore be selected in any manner such
that KyMy = 1. In this case, Theorem 3.20 gives M = 1+ ¢, € > 0,
which is consistent with the series c o d computed in this example.

O
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45

40+

30+

Fig. 3.12. Zero-input response of the cascade system Froq in Example 3.20.

Example 3.20 Consider a Wiener-Fliess system where X = {Z;},
X ={zo,m1}, ¢ = 35 k!'@h and d = > nex- n'n. Then fe(z) =
1/(1=(2—=1))=1/(2 — z) (since (d,0) = 1), and from Example 3.14
Fylul = 1/(1 — Ezy44,[u]). The composite system is therefore

1-— EI0+961 [u]

Feoa = fo(Fulu] = 1) = 7 (]

The zero-input response is clearly y = (1 — ¢)/(1 — 2t) as shown in
Figure 3.12. The presence of a finite escape time at t.s. = 0.5 implies
that My = 1/tesc = 2. This is consistent with the radius of convergence
given in Theorem 3.20 with m = 0 since both c and d are locally max-
imal series for the class of series with the growth rate corresponding
tOKC:MC:Kd:Md:L

As a side note, the existence of a finite escape time could have
been predicted as a result of what is called Pringsheim’s Theorem. Let
y(z) = 3,50 bnz"/n! be a function that is analytic at the origin of
the complex plane with a radius of convergence R > 0. The theorem
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states that if each b, > 0, then the point z = R is a real singularity
of y. Such a condition applies for any cascade of two maximal series.
Therefore, when y is restricted to R, it must have a finite escape time.
Contrast this behavior to that of y(t) = 1/(1 + t2), which has no real
singularities (recall Problem 1.1.1). In this case, y has the Taylor series
y(t) = S so(—tH)F at t = 0 with a finite radius R = 1. But clearly
Pringsheim’s Theorem does not apply. 0

The Wiener-Fliess system comprised of two globally convergent
subsystems is considered next.

Theorem 3.21 A Wiener-Fliess system where each subsystem has a
generating series satisfying the global growth rate (3.11) has a radius
of convergence equal to infinity. Hence, the output of such a system
15 always well defined over any finite interval of time when its input
u < LT@ (to).

It was pointed out in Example 3.8 that the growth condition (3.11)
is not a necessary condition for a Fliess operator to converge globally.
The following example illustrates how this issue arises for a Wiener-
Fliess system.

Example 3.21 Consider a Wiener-Fliess system where X = {Z;},
X ={zo,z1}, c = 4o K- MF 35, and d = > nex- KdMJi"'n. A calcu-
lation analogous to the one given in Example 3.14 yields f.(z) = K.
exp(M.z) and Fy[u] = Kjexp (MyEy,+z, [u]). Therefore, the cascaded
system is

y= Fcod[u] = K. eXp(Mch eXp(MdEfE0+w1 [’LL])),

so that the zero-input response when K, = e~ ! and M, = K; = M, =
lis y(t) = ¢ ~1. That is, (cod,zy) = Bp, n > 0, where By, n > 0,
are the Bell numbers as described in Example 3.8. Thus, co d can not
have Gevrey order less one, i.e., s* = 1, even though by Theorem 3.21
the operator F_.,q must be globally convergent. O

An interesting fact about the Bell numbers is that their asymptotic
behavior is described by

By 72 ()" 2N,
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Fig. 3.13. Branches Wy(z) and W_;(z) of the Lambert W-function.

where A(n) = n/W(n), and W(n) denotes the Lambert W -function.
The Lambert W-function is a multivalued function defined by the
branches Wy, k € Z of the inverse relation of the function

g(z) = zexp(z) z € C.

Here W(z) := Wy(x) denotes the principal branch as shown in Fig-
ure 3.13 along with the branch W_;(x). This function often appears
explicitly whenever cascade structures are present. This will be the
case, for example, when two Fliess operators are cascaded as addressed
next.

Consider next the interconnection of two Fliess operators whose
generating series are only locally convergent. The theorem below states
that the cascade system is also only locally convergent, and the radius
of convergence is given.

Theorem 3.22 Suppose ¢ € RS (X)) /RE (X)) and d € R ((X))/
R (X)) with growth constants K., M. > 0 and Ky, My > 0, respec-
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tively. If b= cod, then for every e >0
(b, V)| < Kyp(My, + e)p]!, ve X (3.21)

for some Ky > 0, where

My
1= KW (ke exp (234 )

Furthermore, if M., Kq and My are minimal, then no smaller ge-
ometric growth constant can satisfy (3.21), and thus, the radius of
convergence for b= cod is

1 1 M, — M,
—— |1 =K _ .
Mg(m + 1) [ mitalt <mKd o ( MK )ﬂ

Example 3.22 Let X = {zg,x1} and ¢,d € R{(X)) such that M =
M. = My. Using a series expansion about Kg = oo it follows that

M
1 - KqW (1/Kq)

:<§+Kd—|—0<;d>>M

~ K M

My =

M, =

when Kg > 1. On the other hand, if K4 = 1 then M, = (1 —
W(1))"'M = 2.3102M. 0

Example 3.23 Consider the linear series ¢ = ), (¢, zgz1) xgz; and
d=7>,>o(d,zfz1) zgz1 in Rpo((X)) with growth constants K, M, >
0 and K4, My > 0, respectively. From the calculation in Example 3.15,
it is apparent that

k—1
‘(co d,x’éxl)‘ = Z(c, x’g_l_jxl)(d, a:%xl)

=0
k—1

<D (KeME (k= Y (KaMy ™ (j + 1))
§=0

k—1 -1
_ k+1 k+1
= K KM ;0 (j N 1) (k+1)!
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kE+1
J

k
— KCKde-I—l <
7=1

>_1 (k+ 1),

where M = max{M., M} and assuming the convention Zf:j a; =0

when k < j. Applying the combinatorial inequality Zz;i (Z)_l <1,
n > 2 (see Problem 3.6.6), it follows directly that

((cod,v)| < KK MMl ve Xx*

For the case where K. = K45 =1 and M, = My, it evident that M, =
M, which is an improvement over the more general case described in
the previous example. That is, using the specific structure of ¢ and d,
a smaller geometric growth constant can be determined as compared
to the general case where only the growth constants are known. 0

Example 3.24 Let X = {xo, 21}, and suppose ¢ = Zn>0(n!)2 xl.
Then according to Lemma 2.5, co0 = 0 and 1 oc¢ = 1. That is, it is
possible that c o d can be locally convergent even when c or d is not.

O

It was shown in Theorem 3.19 that the composition product can
be used to determine the coefficients of an output function produced
by a Fliess operator with an analytic input. The following corollary of
Theorem 3.22 describes a lower bound for the interval of convergence
for such an output function.

Corollary 3.3 Let X = {xzg,21,...,2m} and Xo = {zo}. Suppose
c € REAU(X))/RELUX)) with growth constants K., M. > 0 and ¢, €
R [Xo]l/RE[[Xo]] with growth constants K., M., , respectively. If
¢y = co ¢y, then for every e >0

ey, x)| < K¢, (M, +€)Fkl, k>0 (3.22)
Jor some K., > 0, where
M.,
1=, W (b exp (Meriler) )|

Furthermore, if M., K., and M., are minimal, then no smaller geo-
metric growth constant can satisfy (3.22). Thus, the interval of con-
vergence for the output y = F, [u] is at least as large as T = 1/M,,.

Cy

M.

y =
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455 u(t)=0
u (H=1/(1-1)

40

uz(t)=1/(1—t2)

O 1 1 i 1 1 1 I
0 0.02 0.04 0.06 0.08 0.1 0.12

t

Fig. 3.14. Output responses of the cascaded system F..4 to various analytic inputs
in Example 3.25

Example 3.25 Suppose X = {zg,z1} and b = cod with ¢ =
> nex- KcMcln‘ln\!n and d = >, . KdM(‘jm\m!n. The output of the
cascade system is y = Fioq[u] = F.[Fy[u]], where F.[u] = K./(1 —
M.Ey 42, [u]) and Fy[u] = Kgq/(1 — MgEy+4,[u]). The zero-input re-
sponse is therefore,

1= M., | 72505

as shown in Figure 3.14 when K. =1, M. =2, K5 = 3 and My = 4.
Applying Theorem 3.22 with m = 0 and m = 1 gives M, = 9.7284
so that the finite escape time of the response must be t.sc = 1/M; =
0.1028, which is what is observed. The output responses corresponding
to the analytic inputs uy(t) = 1/1—t and us(t) = 1/1—12, each having
growth constants K., = M., = 1, are also shown in the figure. Their
respective finite escape times are 0.08321 and 0.08377. Here u; has the
shortest escape time since its generating series

y(t)
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[e.o]
Cuy = Z k! 2k
k=0

has all its coefficients growing at the maximum rate. Whereas

o0

Cuy = Z(2k)! z2F

k=0

has all its odd coefficients equal to zero. Setting M, = M, = 9.7284
in Corollary 3.3, any finite escape time for the output corresponding
to any analytic input with the given growth constants K., , M., must
be at least as large as T' = 1/M,, = 0.0507, which is evident from the
simulations. 0

The section is concluded by considering the cascade connection of
two Fliess operators whose generating series are globally convergent.
The following theorem is the main result.

Theorem 3.23 The cascade connection of Fliess operators each hav-
ing a generating series satisfying the global growth rate (3.11) has a
radius of convergence equal to infinity. Hence, the output of such a
system is always well defined over any finite interval of time when its
input u € L, (to)-

Example 3.26 Reconsider the linear series ¢ = 3 (¢, zgz1)zg71
and d = ano(d7 zgry)ziz; in Example 3.23, except here both ¢, d €
Rao((X)) with s* = 0. In which case,

k—1

’(C od, :Ulgl‘l)’ = Z(c’ xg_l—jxl)(da xéxl)
=0

E
—_

<D (KeMET)(KaM)™)

i
o

= KK M1k
< K Kg(2M)F1,

Therefore, global convergence is preserved, and s’ ; = 0. 0
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Fy

A

Fig. 3.15. Feedback connection of two Fliess operators

Example 3.27 Suppose X = {z¢,z1} and ¢ = d = 3, x%. The
output of the cascade system is exactly that of the system considered
in Example 3.8, namely,

y(t) = Feoa[ul(t) = exp(Ex, [exp(Ex, [u(t)])]-

Therefore, when u(t) =1
t 1 > tn
— el
y(t) =e = E Bnn!'
n=0

So the Bell numbers also appear from a simple cascade of two Fliess
operators. 0

3.7 Feedback Connections

In this section, the feedback connection of two Fliess operators as
shown in Figure 3.15 is considered. Such closed-loop systems appear
frequently in control engineering. As with cascade connections, one
could also replace Fy in the feedback path with a static function f,.
But the focus here will be on the former case. The latter can be
found in the literature. Similar to the interconnections in the pre-
vious sections, five basic questions must be addressed. But now the
analysis is considerably more difficult because feedback is generally
described only in implicit terms. That is, given any ¢,d € R} ((X))
with X = {z¢,z1,...,2m}, the output y of the corresponding closed-
loop system must satisfy the feedback equation
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y = Felu+ Fyly]] (3.23)

for any admissible input u. The interconnection is well-posed when y is
an admissible input for Fy, and u+ Fy[y] is an admissible input for F.,.
Fortunately, this issue can be handled in much the same manner as it
was for cascade connections (see Problem 3.7.1). When there exists a
locally generating series e € R\~ ((X)) so that y = F,[u], the feedback
equation becomes equivalent to

Fuu] = Fufu+ Foe[u]], (3.24)

and the output feedback product of ¢ and d, denoted by cQd, is defined
to be e. The first obstacle in the analysis is that [ is required to be the
composition of two operators, F, and I + Fy.. as shown in Figure 3.16,
where one of the operators is not a Fliess operator due to the presence
of identity operator I acting as a direct feed term. Here I + Fj,. will be
referred to as a unital Fliess operator in order to make this distinction.
The corresponding set of all unital Chen-Fliess series is denoted by
I+ % ={I+F.:ceR™{(X))}. The central claim is that this mixed
composition always renders another Chen-Fliess series. However, none
of the composition products introduced so far describe this type of
composition. To address the issue, it is first convenient to introduce
the symbol § as the (fictitious) generating series for the identity map.
That is, Fs := I such that I + F. := Fs;, = F¢; with ¢5 := 0 +c.
The set of all such generating series for I + .# will be denoted by
§ +R™((X)).? The following theorem describes the generating series
for this new type of composition in terms of what will be called the
mized composition product. (See Table 3.1 for a summary of all the
series compositions encountered in this section.)

Theorem 3.24 Let X = {zg,z1,...,2m}. Given a Fliess operator
F. and unital Fliess operator Fy,, where ¢ € RY (X)) and ds €
d + R7((X)), the cascade connection F.oFy; has the generating series
in R((X))

cods = Z (c, 77) ¢d(n)(1)v (3'25)

nex*

where ¢q is the continuous (in the ultrametric sense) algebra homo-
morphism from R{{X)) into End(R((X))) uniquely specified by

9 A suitable subscript like ‘LC’ will be added when the set is restricted to series
satisfying a certain growth condition.
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Table 3.1. Composition products involving ¢, d, ¢cs = § + ¢, ds = 0 + d when
X ={zo0,21,...,Tm}

Name ‘ Symbol ‘ Map

composition cod REU(X)) x R™ (X)) — RE((X))

mixed composition | ¢&ds | RE((X)) x & +R™ (X)) = RE(X))

group composition co®d R™{(X)) x R™{((X)) — R™((X))

group product csods | 6 +R™

Fig. 3.16. Mixed composition of two Fliess operators

ba(xin) = ¢a(xi) ® pa(n), =, € X, ne X"
using the family of mappings
ba(wi)(e) = zie + xo(d; we),

i=0,1,...,m. Here dy := 0, and ¢4(0) denotes the identity map on
R <X>> That iS, FCOFd5 = Lt'cods-

Proof: Observe that the mixed composition product is identical to
that used for the usual composition product in Theorem 3.18 except
for the extra leading term x;e in each operator ¢q4(x;). It is precisely
this term that implements the direct feed component . In which case,
the proof is very similar to previous proof modulo an insertion of this
extra term in each step (see Problem 3.7.4). [ ]

It can be verified in a manner completely analogous to the regular
composition product for Fliess operators that the mixed composition
product is always well defined (summable) and ultrametric continuous
in both arguments. More advanced properties of this product will be
described shortly, but of particular importance here is the fact that
the feedback equation (3.24) can be written in terms of the mixed
composition product as
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Fe [’U,] = FC5(dO€)5 [u]

In light of the uniqueness of generating series (Theorem 3.5 for the
locally convergent case and Theorem 3.38 for the formal case) this
implies that

e =co(doe)s. (3.26)
This equation suggests the possibility of describing e as a fixed point

of a contractive iterated mapping. Consider the following theorem.

Theorem 3.25 For any c € R"((X)), the mapping ds — cods is an
ultrametric contraction on § +R™((X)).

Proof: The proof is a minor variation of the previous result for the reg-
ular composition product of two Fliess operators, i.e., Theorem 2.15.
The contraction coefficient, o, is unaffected by the required modifica-
tions (see Problem 3.7.4). ]

The first main result of this section is given below and addresses
question 2.

Theorem 3.26 Let ¢,d € R™((X)). Then the following propositions
hold:

1. The mapping

S+ R™{(X)) = R™({X))
e eiy1 =co(doe)s (3.27)
has a unique fized point in R™{((X)), cQd := lim;_,~ €;, which is

independent of eq.
2. The generating series cQd satisfies the feedback equation (3.26).

Proof:
1. The mapping S is a contraction on R™((X)) since by Theorems 2.15
and 3.25:

dist(S(e;), S(e;)) < o dist((d o e;)s, (d o ej)5) < o* dist(e;, ;).

Therefore, the mapping S has a unique fixed point, c@d, that is inde-
pendent of eg, i.e.,
cQd = ¢ (do (cQd))s. (3.28)
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2. The claim follows directly from comparing (3.26) and (3.28). ]

Now that it has been established that the closed-loop system in
Figure 3.15 has a Chen-Fliess series representation, the next question
is how to actually compute its generating series. Equivalently, how can
(3.26) be solved to determine e = c@Qd? Observe that the function v in
Figure 3.15 must satisfy the identity

v =1u+ Fyo.[v].
Therefore,
(I + F_goc) [v] = u.

Now suppose there exists a series (—d o ¢)~! such that
(I + Fiedoo1) © (I + Fl—doe)) = I.
Then it would follow that
v= (I + F_goey-1) [ul,
and thus,

Fc@d[u] = Fc[v] = Fc[(I + F(—doc)*l) [U’H
= F‘cé(—doc)&_1 [u]

In which case, the feedback product can be written in the form cQd =
co(—=do c)g1 provided this inverse series can be determined. This
suggests that two issues need to be investigated. First, the presence
of an inverse implies that some group is involved in this calculation.
What is this underlying group? Second, the group element (—d o c)g1
is interacting with the generating series ¢ describing the forward path
via the mixed composition product. What is the exact nature of this
interaction? This latter question motivates the following definition.

Definition 3.7 Let G be a group and S a given set. Then G is said
to act as a transformation group on the right of S if there exists a
mapping A: S x G — S : (h,g) — hg such that:

1. h1 = h, where 1 is the identity element of G;
ii. h(g192) = (hg1)ge for all g1,g2 € G.
The action A is said to be free if hg = h implies that g = 1.
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Example 3.28 Suppose the two Fliess operators F. and Fy in Fig-
ure 3.15 are linear time-invariant systems with m x m transfer ma-
trices H and G, respectively. In this case, the corresponding feedback
equation

Hy=H(I +GH,) (3.29)

can be solved directly by substitution

=H(I+GH+GHG[H(I + GHy)])

= Hi(GH)’f
k=0
=H(I-GH)™. (3.30)

One can verify directly that the set of transfer functions {I+G}, where
G is an m X m matrix of strictly proper rational functions, is a group
under the product

I+ G)I+G2)=1+G)+Gy+ GGy

with identity element I and inverse (I+G) ™! = >, ,(—G)*. In which
case, (3.30) can be interpreted as this group acting on the operator H
from the right to produce the transfer function for the closed-loop sys-
tem, H. (see Problem 3.7.2). One subtle point is that the inverse of
(I — GH)~!is clearly (I — GH). So applying this transformation will
remove the feedback, but it is not clear what, if any, system inter-
connection this second action corresponds to. Nevertheless, there is a
system interconnection that will remove the feedback loop. This issue
will be revisited a bit later in the section. 0

Moving on to the more general setting, the key idea is that (I +
F,o0,I) forms a group under the composition
FuyoFy = ([+F)o(I+F,)
=1+ F;+ F.o(l+ Fy)
=TI+ Fi+ Fesas
= F650d57

Edition 1.2, Copyright (© 2022 by W. Steven Gray



3.7 Feedback Connections 179

where
csods:=30+d+ (cdds) =10+ cod. (3.31)

Note that the same symbol will be used for composition on R™((X))
and 0 + R™((X)). As elements in these two sets have a distinct nota-
tion, i.e., ¢ versus cg, respectively, it will always be clear which product
is at play. Given the uniqueness of generating series for Chen-Fliess se-
ries, (I4+.%#,0,1) is a group if and only if (0 + R™((X)), 0, ) is a group.
The main proposition is that this latter group acts as a right transfor-
mation group on R™((X)) via the mixed composition product to give
the generating series for the closed-loop system under output feedback.
Before any of these claims can be rigorously verified, additional prop-
erties of the mixed composition product and the composition product
are needed.

Lemma 3.4 Let X = {zg,z1,...,%m}. The mized composition prod-
uct (3.25) has the following properties:

1. left R-linearity;

cols =c;

cdds = k1, k € R for any fized ds if and only if ¢ = k1;
(zic) 8ds = zi(cSds) + xo(di w (cSds)) for all x; € X;
(Cmd) 565 - (6665)u_v(d6€5),'

(cod)des=co(ddes);

7. (cdds)des =co(ddes+e)s,

S s Lo

where ¢, d, and e are suitably compatible formal power series over X.

Proof:

1. This fact follows directly from the definition of the mixed composi-
tion product.

2. The claim is immediate since ¢g(n)(1) =n for all n € X*.

3. The only nontrivial assertion is that c ods = k implies ¢ = k. This
claim is best handled later once the Hopf algebra context is developed
(see page 189).

4. Observe
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i=1,2,....m.
5. For any es € §+ R((X)), one can define a shuffle product on
End(R{(X))) via

Ge(wim) L ¢e(xj€) = de(;) ® [Pe(n) w ¢e(xj§)]+
Pe(T)) ® [Be(Tim) L1 Pe ()]

In which case, ¢, acts as an algebra map between the shuffle algebra on
R((X)) and the shuffle algebra on End(R((X))). That is, ¢c(c wd) =
de(c) w de(d). Hence, (ciud)des = ¢e(cusd)(1) = pe(c)(1) w ge(d)(1)
= (cSes)w(does) (cf. Problem 3.7.5).

6. See Problems 3.7.4 and 3.7.5.

7. This identity has another interpretation, which will be presented in
the next lemma (mixed associativity). So the proof is deferred until
then. Also, see Problem 3.7.5. [ |

Lemma 3.5 Let X = {zg,x1,...,Zn}. The composition product (3.31)
has the following properties:

1. Osocs = cs 005 = c5;
2. (cdds)des = co(dsoes) (mized associativity);
3. associativity,

where ¢, d, and e are suitably compatible formal power series over X.

Proof:

1. Observe 05 0 ¢s = ¢5 + 06 ¢c5 = ¢5 using Lemma 3.4 item 1. On the
other hand, ¢5005 = 05 +¢505 =0 + 3, (¢, n)do(1)(1) = ¢5 using
the fact that ¢o(n)(1) = n for all n € X*.

2. In light of item 1 in Lemma 3.4, it is sufficient to prove the claim
only for ¢ =n € X* k > 0. The cases k = 0 and k = 1 are trivial.
Assume the claim holds up to some fixed k > 0. Then via Lemma 3.4,
item 4, and the induction hypothesis it follows that

((wom) 6ds) Ses = (zo

Il
8
=)

I
8
o
—
=
or
—
L
(%)
e}
®
(=2
~—
~—

In a similar fashion, for ¢ = 1,2,...,m apply the properties in
Lemma 3.4, items 1, 4, and 5 to get
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(doe);

Now employ the induction hypothesis so that

((zin) 0ds) des = xi[n S
= (xin)

Therefore, the claim holds for all n € X*, and the identity is proved.
Note that this identity is equivalent to the one given in Lemma 3.4,
item 7.

3. First apply (3.31) twice, then Lemma 3.4, item 1, and finally mixed
associativity to get

(ds o e5)] + zo[(d © €); L (1 S (ds 0 €5))]
o (d5 o 65).

(csods)oes = (d

Hence, the lemma is proved. [ |

The following theorem establishes what will be the underlying
group describing output feedback for Fliess operators. Henceforth, it
will be called the output feedback group.

Theorem 3.27 The triple (6 +R™((X)),0,0) forms a group. This
group acts as a right transformation group on R™{((X)).

Proof: In light of Lemma 3.5, the only open issue in establishing that
d +R™((X)) is a group is demonstrating the existence of an inverse.
Specifically, for a fixed ¢5 € § + R"™((X)), the composition inverse,
_1 = § + ¢!, must satisfy cs o 06_1 = ¢ and cgl ocs = 6. From the
ﬁrst equation,
05065_1 =6+c ! 6cgl =9,

Edition 1.2, Copyright (© 2022 by W. Steven Gray



182 3. Fliess Operators

which reduces to

cl=(-c)dc. (3.32)

Likewise, from the second equation,
c=(—c1) 3¢ (3.33)

Now it was established in Theorem 3.25 that e — (—c) Ses is a con-
traction in the ultrametric sense on R™((X)) as a complete ultrametric
space and thus has a unique fixed point. So it follows directly that cgl
is a right inverse of cg, i.e., satisfies (3.32). To see that this same series
is also a left inverse, first observe that (3.32) is equivalent to

1805 +cdcst =0, (3.34)

using the identity ¢=! 505 = ¢! and the left linearity of the mixed
composition product. Substituting (3.34) back into itself where zero
appears on the left-hand side and applying Lemma 3.4, item 7 gives
cls(coc;t e )s+ede;t =0
(ctocs)se;t +edeyt =0.
Again from left linearity of the mixed composition product it follows

that
(ctécs+c)dc;t =0.

Finally, Lemma 3.4, item 3 implies that ¢! d¢s + ¢ = 0, which is
equivalent to (3.33). Therefore, every element of § +R™((X)) has an
inverse. Finally, it is clear that 6 + R™((X)) acts as a right transfor-
mation group on R™((X)) in light of Lemma 3.5, item 2, namely, the
mixed associativity property. ]

Example 3.29 If ¢,d € R7-((X)), and c is a linear series then
F05d5 [’LL] = FC[U + Fd[u]] = FC[U] + Fcod[u]a

or equivalently,
cdds =c+cod (3.35)

Similarly,
co(dy+dy) =cody +cods.

Therefore, using (3.32) and then (3.35) repeatedly, it follows that
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65_1:(54-071
_ < 1
=§—c—coc!
< 1
=d—c—co(—cdcy")
=0—c—co(—c—coch)

=0—c+coctcococt

=0—c+c? -3+

where ¢ denotes the composition product power. This is equivalent
to the series expansion of the inverse appearing in (3.30). When ¢ = x;
observe

(6 +z1) ' =6 — 21 + 20w — ThTy + -

=0 — (—xo)"x1,

where d* := )., d'. In contrast, the series ¢ = x( is not linear, and
in this case

5—$0+l‘82—l’83+"':5—1‘0+$0—5L‘0+"',

which is neither locally finite nor summable. Nevertheless, it can be
easily verified directly that (6 + z0)™' = J — 2. So the element is
invertible but does not have a series expansion of the type available
for linear series. 0

The explicit formula for the output feedback product conjectured
earlier is now verified directly using the machinery developed above.

Theorem 3.28 For any ¢,d € R™((X)), it follows that
c@d = co(~doc);t. (3.36)

Proof: Recall that the feedback equation for the system in Figure 3.15
reduces to the fixed point equation

e=co(doe)s.

where e = c@Qd. The solution above can be checked by direct substitu-
tion with the aid of the identity in Lemma 3.4, item 6, and (3.32):
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ca(doe)(;’ 1:Cé(d0(66(—dOC)E_1))5
((doc)d(—do C)gl)g
—=co (—do C)gl

= €.

e=c&(—doc)y

ot

=cC

The goal now is to describe a Faa di Bruno type Hopf algebra asso-
ciated with the group (6 + R™((X)),0,6), whose antipode facilitates
the explicit computation of the inverse of the group element appearing
in the feedback product above. The coordinate maps for this group
have the form

a% . 5+Rm<<X>> — R ) = (Civn)v

where € X* and i = 1,2,...,m.'"% In addition, a special co-
ordinate function 15 is introduced with the defining property that
cs € 0 +R™((X)) maps to one in every case.!! Let V denote the
R-vector space spanned by these maps. If the degree of a% is defined
as deg(ay) = 2|nl,, + > 7% [nl,, + 1, then V' is a connected graded
vector space. That is, V = €, -, Vi, with

V, = span]R{af7 : deg(az) =n}, n>0,

and Vy = R1y.
Consider next the free unital commutative R-algebra, H, with prod-
uct ' ‘
u:a%@aéHaﬁ]aé
and unit 1s. This product is clearly associative. The grading on V'
induces a connected grading on H with deg(azaé) = deg(a%) —i—deg(aé)
and deg(15) = 0. Specifically, H = ,,~, Hy, where

l
H, = spanR{afflafo e aff[ : Zdeg(ai{j) =n}, n>0,
j=1
and Hy = R1y.

9 Given the bijection between § +R™((X)) and R™((X)), a}(cs) will often be
abbreviated by aj,(c).

1 The subscript 6 is added here to distinguish between this coordinate function and
the monomial 1 = 1), namely, the unit for the catenation and shuffle algebras.
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Three coproducts are now introduced. The first coproduct is used to
define the Hopf algebra on H. The remaining two coproducts provide
a recursive manner in which to compute it. Recalling that ¢s o ds =
0+ c®d, define A for any aﬁl eVt =@, Va such that

Adi(e,d) = di(c© d) = (¢ © d,1).

The coassociativity of A follows from the associativity of the group
product. Specifically, for any ¢, d, e € R™((X)):

(id® A)o Aa%(c, d,e) =(c; @ (d®e),n)
= ((c@d)i®@e,n)
= (A®id) o Ad!(c,d,e).
Therefore, (id ® A)o A = (A®1id) o A as required.
The second coproduct is A7 (V1) € VT @V™*, which is isomorphic
to sh* via the coordinate maps. That is,
AT aé) = aé) ® a% (3.37a)
A ol = (0 @id+id@6;) 0 A, (3.37b)
where id is the identity map on VT, and 6, denotes the endomor-

phism on V7T specified by Hka% = ag, for k = 0,1,....,m and
t,j=1,2,...,m.

Example 3.30 The first few terms of A, are:
AT aé) = aé) ® a%
A ab = a;il ® aé + a% ® ag:il

o Py
A];JJ a;igxil - ag&z‘g»’vil ® a’% + a;ig ® agcil + a;il ® agcig—*—
o,
A Oy nan = Qi © Q)+ gy g, @) +
aiisxil ® ag”lé T ails ® agcbril T
al Qal + aib & ag'% o +

LEZ'2 :1?7;1 :1?7;3

aa?il ® aa?igwiz +ay ® a$i3$i2$i1 :
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The third coproduct is A~af7 = Aaf7 —15y® afy or, equivalently, the
coproduct induced by the identity

Aaﬁ,(c, d) = (¢; 6ds,m) Z al (2) (d).

A key observation is that this coproduct can be computed recursively
as described in the next lemma. It is not difficult to show using items
2 and 3 of this lemma that a%(l) € V7T and a;@) € H, and thus,

AVt CcVv+teH.
Lemma 3.6 The following identities hold:
1. Aaé) = aé) ® 15
2. Aol = (6;®id) o A i
3. Aoy = (0p®id) o A+ (0; @ ) o (A®id) o A? |
i=1,2,...,m, where id denotes the identity map on H.'?
Proof:
1. First note that any series ¢ can be uniquely decomposed as ¢ =
(c, )0 + z;c', i = 0,1,...,m, where the series ¢’ are arbitrary. In
which case, using the left linearity of the mixed composition product
and Lemma 3.4, item 4, it follows that
Aaw(c d) = a@( cods) =
= (¢;,0) +a
) =(a

= (Cm

((C @)@ + (x] ) od(;)
( (CJ Od(;) —|—w0(d L (07 od(;)))
%@ 15)(c, d).

2. For any n € X* observe

(Ao Gi)a‘%(c, d) = ANagcm(c, d)
= aj,(wk(c" 8.ds) + zo(di o (c* 5. dy)))
= aj(c' 5ds)
= Aaj(c', d)
=D © )¢ d)

12 The Einstein summation notation is used in item 3 and throughout to indicate
summations from either 0 or 1 to m, e.g., Y., a;b® = a;b*. It will be clear from
the context which lower bound is applicable.
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= bi(al a) (¢, d)

=(0; ® 1d) o Aa%(c, d).

Note that since an( 1 € VT, the operation Qi(ag 1y) is well defined.
3. Proceeding as in the previous item, it follows that

azon(x](cj & ds) + xo(dj w (¢ 5ds)))
ai (P 8ds+dj s (¢ 5dy))

at (c & dy) +ZAJ (& 5ds, d)
j=1

=aj(3ds)+> > (n,Ewv)al(d 3ds)al(d)

Jj=lgreX

=Aal( . d)+> D (n,Ewv) (Aak @ a))(,d,d)

j=1l¢reX*
= (6o ®id) o Ad}(c,d) + (6; @ id)o

S (16w v) (Adk © al)(c,d, d)

ErveX*
= (6p®1id) o Aag(c, d)+(0;®p)o (Aoid)o Al ai](c, d).

The next theorem is a central result describing the algebraic un-
derpinnings of the feedback connection.

Theorem 3.29 (H,u, A) is a connected graded commutative nonco-
commutative unital Hopf algebra.

Proof: From the development above, it is clear that (H,u,A) is a
bialgebra with unit 15 and counit € defined by €(a,) = 0 for all n € X*
and €(15) = 1. Here it is shown that this bialgebra is graded and
connected. Therefore, H automatically has an antipode, and thus, is
a Hopf algebra by Theorem 2.10. Specifically, since the algebra H is
graded by H,, n > 0 with Hy = R1s, it only needs to be shown for
any aﬁl € VT that
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Adi e (VT @ H)y:= @ V;® Hy. (3.38)

jt+k=n
j=1,k>0

This fact is evident from the first few terms computed via Lemma 3.6:

nzl:Aa%za%@lg
n:2:A~a;j:aij®15
nzS:AaiO:af'rO@lg—i—aié@aé

n=3: Aaéjxk :a;jxk ® 15

n:4:A~aiOm], :aiomj®15+ail®aﬁj+a;£mj ®a6
n=4:Ad, , =d , ®ls+a,,, q

n=4:Aa, =y 000, @ 1o

TjTRT] =
K. AN 0 i 4 i 4
n=>5: A%g = Ay @15+ ay, @ ay, + ay,,, @ apt+
i l i l v
Aoy ® ag + Ay, @ agag,

where i, j,k,1 = 1,2,...m. In which case, using the identities A(anaf) =

AaﬁIAaé and Aa} = Aan +1;® an, it follows that AH,, C (H ® H),,
and this would complete the proof. To prove (3.38), the following facts
are essential:

1. deg(&la ) = deg(a%) +1L,1=1,2,....,m
2. deg(Goa ) = deg(af,) + 2

3. Al al € (VY@ VT )y, n = deg(al).

The proof is via induction on the length of . When |n| = 0 then
clearly ANaé, =aj ®15 € V1 ® Hy and n = 1. Assume now that (3.38)
holds for words up to some fixed length [n[ > 0. Let n = deg(ay).
There are two ways to increase the length of 7. First consider a!
for some [ # 0. From item 1 above deg(a’

zn
= n+ 1, and from

)
Aan
Lemma 3.6 A%m = (0, ®id) o Aan. Therefore, using the induction
hypothesis, A%la,, € @jJrk:n Vjt1 ® Hp, C (V ® H)p1, which proves
the assertion. Consider next a, ,. From item 2 above deg(a 90077) =n+2.
Lemma 3.6 is employed as in the first case. First note that item 3
above A7, aj € (VT @ V™)1, and so using the induction hypothesis
it follows that (A ®id)o A7 | aj, € (VT ®@ H®V*),y1. In which case,

(0; @ p) o (A®id) o AT al, € (V' @ H)pyo. By a similar argument,
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(6o ®id) o Aal, € (VT ® H)pyo. Thus, Aal, € (VT & H)ppa, which

again proves the assertion and completes the proof. [ |

The deferred proof from Lemma 3.4 is addressed next.

Proof of Lemma 3.4, item 3: Recall the claim is that cods = k1
implies ¢ = k1, k € R If ¢ 3ds = k1 then clearly k; = a%(c Sds) =
Aaé}(c d) = aéc i = 1,2,...,L. Furthermore, for any z; € X with
J 75 0,0 =ay (cods) = Ad, (c d) =ay,c, i=1,2,...,{. Now suppose
apc =0, 1= 1 ,2,..., L for all cL?7 € Vi with £k = 1,2,...,n. Then for
any z;€X

0= ACL (C d = %776+ Z 3%77(1) ;’jn@)(d)’
% n@#]

where in general a n(D) #* aw Therefore, a’, c=0,i=12... 0 In
which, case ¢ = kl ]

Example 3.31 Recall that Lemma 3.4, item 3 was used to establish
that 0 + R™((X)) constitutes a transformation group. But once estab-
lished, this identity becomes trivial to justify. Namely, if ¢ 6ds = k1
then

c=cd(dsod;") = (cdds)dds' =k15d;" = k1.

O

The following result supports the primary application of the Hopf
algebra (H, pu, A) in computing the feedback product.

Lemma 3.7 The Hopf algebra (H, pu, A) has an antipode S satisfying

ail(c_l) = (Sal)(c) for allm € X* and ¢ € R™((X)).

Proof: The claim follows directly from (2.32). [ ]

Finally, it was established in Theorem 2.10 that the antipode, S,
of any graded connected Hopf algebra (H, u, A) can be computed for
any a € H™ by

Sa=—a— Z(Sa'(l))a'@), (3.39)

or alternatively,
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Sa=—a— Z a’(l)Sa’(Q), (3.40)

where the reduced coproduct is A’a = Aa —a® 15 — 15 @ a =
> a/(l) ® a’(2). This can be viewed as being partially recursive in that
the coproduct needs to be computed first before the antipode recursion
can be applied. The next theorem provides a fully recursive algorithm
to compute the antipode for the output feedback group.

Theorem 3.30 The antipode, S, of any a% € VT in the output feed-
back Hopf algebra can be computed by the following algorithm.:

i. Recursively compute Aﬂu via (3.87).
ii. Recursively compute A via Lemma 3.6.
iii. Recursively compute S via (3.39) or (3.40) with

A’af] = A~af7 — af] ® 15.

Proof: 1In light of the previous results, the only detail is the minor
observation that S is the antipode of the Hopf algebra with coproduct
Aa = Aa+15®a. In which case, the corresponding reduced coproduct
is as described in step izi. [ ]

Applying the algorithm above via the left antipode formula (3.39)
gives the antipode of the first few coordinate maps:

Hy : Sajy = —aj) (3.41a)
Hy : Sa;j = fa;]_ (3.41b)
Hs : Saéo = —afxo + a;eag (3.41c)
Hs : Sa;jzk = fa;jmk (3.41d)
Hy: Saéoxj = —aiomj + aizaij + a;ﬂjag (3.41e)
Hy: Saf,‘,jxo = —a;m + aimag (3.41f)
Hy: Sa 40 = =0 00, (3.41g)
Hs: Saig = —a;g - (Saiz)aﬁo — (Saiﬂo)ag - (Safcow)aé—
(Saiﬂy)aéag

_ ) 7 V4 i ) Y4
- _axg - (_aacg)axo - (_a:w:vo +g’£ﬂ/yd®y)aﬂ_
) i v i vy, L i v
(_awowz + Ay, A, + amurea@)aq) - (_a 7, ) gy

i i e A Y R R A
= 70,2 T Ogy gy + Oy Gy + Qzgz, Ay — O, O, g
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al a%aé, (3.41h)

Ty,Tp

where 4, 7, k,l = 1,2,...m. The explicit calculations for S a;g are shown
above to display the inter-term cancellation. This is the same phe-
nomenon observed for the classical Faa di Bruno Hopf algebra pre-
sented in Section 2.6. As with that Hopf algebra, the right antipode
formula here is also known to be cancellation free and thus is pre-
ferred for calculations. Finally, it should be noted when m = 1, i.e.,
the single-input, single-output case, that all the summations above
vanish.

Example 3.32 Consider a linear time-invariant system with an mxm
transfer function H(s) and state space realization (A, B,C). The
corresponding components of the linear generating series are ¢; =
> k>0 Z] ((ciyxfxy) xfx;, where (¢;,2kx;) = C;AFB;, k > 0, and Cz,
Bj denote the i-th row of C' and the j-th column of B, respectively.
The composition inverse of the return difference matrix I + H(s) is
computed directly as

(I+C(sI—A)'B)y'=1-C(sI - (A-BC))™!
Therefore, it follows that
(¢;' afxj) = —Ci(A— BC)* By, k>0, i,j=1,2,...,m.

Expanding this product gives results which are consistent with the
antipode formulas (3.41). For example,

(ci_l,xoccj) = —CZ(A - BC)B
= —CZ'AB]‘ + CZ'BCBJ'

= —CiABj + Z CiBzCZB]
/=1

m
= Cz,ffoﬂfj E C’Laxf Cfax]
/=1

. y . ’
= (_a?romj + (l a:r + azzvnga@)c
= (Sage;)c,

where the fact that (¢, z¢x;) = (¢,0) = 0 has been used in the second
to the last line. O
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A unity feedback system is one where the operator Fy in Figure 3.15
is replaced with the identity map Fs = [I. At first glance, it does
not appear that the output feedback formula (3.36) will apply to this
situation. However, if the loop generating series —doc in this formula is
replaced with —c this corresponds exactly to a unity feedback system,
and the formula does render the correct closed-loop generating series.
So introducing a slight abuse of notation, the generating series for a
unity feedback system will be denoted by c@Qd := ¢ o (—c)gl, and it is
evident from (3.32) that c@§ = (—¢)~!, and therefore, ¢t = (—c)@J.
That is, every inverse generating series can be viewed as coming from
a unity feedback system.

Example 3.33 Let ¢ = Zkzo k!z%. The generating series for the
unity feedback system c@d = (—c)~! is computed directly from (3.41).
For example, the coefficients for all the degree four terms are:

((—e) Y woz1) = Sagge, (—¢)
= ag, (—21)ag, (—21) + agyz, (2! 2121)ag(—1) =3
(—e) ™ z120) = Sag, ey (—c)
= Qp,z, (—2!z121)09(—1) = 2
(o) Y, zz121) = St 2,0, (—C)
= —Qgyzy2, (=3 T121221) = 6.
Therefore, the polynomial

a4 = 6:6?1’ + 3xor1 + 21120

is comprised of all the degree 4 terms appearing in ¢@Q¢. Continuing in
this way, cQf = ZkZI ayj,, where

a; =1

as = 1

as = 233% + x9

ay = 6l’? + 3zgx1 + 22170

a5 = 24z + 122023 + 8x1w021 + 62720 + 327

ag = 12023 4 60zoz; + 40z 2027 4 3023w0m1 + 242720+

15$3$1 + 12202120 + 81‘136(2).
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These are the Devlin polynomials. They are known to be related by
the simple linear recursion

anp = (n—1ap—121 + (n — 2)ap—2x9, N > 2, (3.42)

where ag = 0 and a1 = 1. 0

In applications, generally the plant, modeled by F. in Figure 3.15
is fixed and the feedback law Fj is considered variable. In which case,
there is an underlying additive feedback transformation group in this
setting.

Definition 3.8 For any fized ¢ € R((X)), define
O.={es € 0 +R{(X)):e5=(doc)s, d e R{(X))}.

Theorem 3.31 For any fized series ¢ € R((X)), the triple (O, +,9)
defines an additive group, where

65+ ¢ = (do c)s + (& 00)s = (d+ ) 0.);
for any es = (doc)s,es5 = (d oc)s € Oe.

Proof: The claim follows directly from the left linearity of the compo-
sition product on the R-vector space R((X)). ]

The group (O, +,d) is isomorphic to the additive transformation
group described in the following theorem.

Theorem 3.32 The additive group (R{((X)),+,0) acts on the set
R{((X)) as a right transformation group, where the action is given by
the output feedback product. That is, cQ0 = ¢ and

(C@dl)@dz = C@(dl + dg).

Proof: The first identity is trivial. For the second, two algebraic facts
are needed. First, as described in Lemma 3.7, the composition inverse
is defined in terms of a Hopf algebra antipode, S, using the group
(0 + R((X)),0,d). Such an S is always an antihomomorphism for both
the algebra and the coalgebra structures on H, for example, S(ajas) =
S(az)S(a1), Yay,as € H. Therefore, it follows directly that (csods) ™! =
dgl o 05_1. Second, from Lemma 3.4, item 6, recall that
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co(ddes) = (cod)des.

Proceeding with the calculation, it follows by definition of the output
feedback product and the fact that (R((X)),o,d) is known to act as a
right transformation on R({(X)) via the product ¢ & ds that
(cQd; )Qdy
= (c5(—dj oc);")Qd,
= (c5(—dioc);') 5 (~dzo(cd(—dioc);h));"
=co [(—dl o c)g1 o(—dgo(cd(—do c)gl))gl} .
Now apply the first fact stated above, the definition of the group prod-
uct on § + R((X)), and the second fact in this order to get
(cQdy)Qdy = ¢ [(—da o (cd(—dy o A);'))so
(~dioc)s] ™
=c5 [(—dioc)+ (—dao(co(—dyo o);') e
(—dyo 0)5](5_1
= ¢5 [(~di o)+ ((—d o) 5 (—dy 0 0);) 5

(—dioc)sl,
Finally, just simplify the result using properties already stated so that
(cQdy)Qdy = ¢S [(—dl oc)+ (—=dgeoc)d((—djo c)glo
-1
(=dyoc)s )] s
=co (—(dl -+ dg) o C))(;_l
= cQ(d; + da).
Example 3.34 Returning to the linear time-invariant case in Exam-
ple 3.28, the above theorem reduces to a simple identity concerning
transfer functions. Namely, if H is the transfer function for the plant

and feedback G is applied, then the closed-loop system has the trans-
fer function

Huy = H(I — G H)™.

If a second feedback loop G5 is then applied the resulting closed-loop
transfer function is

Hyo=Hy (I —GaHyy) ™
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=H(I - (G1+Go)H)™ L,

Clearly, the second feedback loop will cancel the first feedback loop
when Gy = —Gp. It is easy to see that (I — (G1 + Go)H)™ ' #
(I — G1H)™Y(I — GoH)~'. Therefore, what is essentially a compo-
sitional group in Example 3.28 will not describe the output feedback
transformation group consider here. Nevertheless, all inverse opera-
tions above are with respect to this composition group. So it is still an
essential concept. O

Finally, issues connected with convergence are addressed. As with
the cascade connection, the main results will be stated along with il-
lustrative examples, but the most difficult proofs will be left to the
literature. The first theorem states that local convergence is preserved
under the composition inverse. The radius of convergence for this op-
eration is also given.

Theorem 3.33 Suppose X = {xo,x1,...,Tn}. Let ¢ € R7-((X))/
m (X)) with growth constants Ke, M. > 0. If b = ¢, then for

every € > ()
|(b,m)| < Ky (M, + €)™ ]t 5 € X7, (3.43)

for some Ky > 0, where
M.

My = .
1—mK.In (1_‘_#&)

Therefore, b € R}~ ((X)). Furthermore, if K. and M. are minimal,
then no geometric growth constant smaller than My, can satisfy (3.43),
and thus, the radius of convergence of the composition inverse opera-
tion s

_ 1—mK.In 1+ !

M.(m+1) | "7 mk. )|

Example 3.35 In Example 3.33 it was shown that if ¢ = >, klaf
then (—c)~! = 3", ax, where a, are the Devlin polynomials. Define
the integer sequence

by =
k= max (ax, )

corresponding to the largest coefficient in ay, for a given word length n.
A straightforward inductive argument using (3.42) (see Problem 3.7.8)
yields the identity
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. B (2n)! B
2n+1_ﬁ_1'3'5'”(2n_1)7 (3.44)

which is usually denoted as the double factorial (2n — 1)!l. Note, in
particular, that

(2n — 1) = deg(1) deg(wo) - - - deg(x0~1).

This implies that the fastest growing subsequence of coefficients of
(—c)~! with respect to word length corresponds to those coefficients
attached to the words a:'{j , k >0, since it is known in general that

n—1
(ak, wiy s, - x5,) = | [ deg(@n s, - 21))
7j=1

when k = deg(z;, i, - - - x;,) and n > 2. Therefore, in light of Theo-
rem 3.33 with K. = M. = 1, it should be true that for some K > 0

1 n
2n—-IWM< K| —— I = K(3.25889...)"n!
(2n M= (1 — log2> " ( )'n
for all n > 1. To see this is so, one can employ the well known identity

1 1
2n— 1)l = 2" -
(2n — Dl = — <n+2>,

where I" denotes the gamma function. The claim is now evident since
I'n+3)<I'(n+1)=n!foralln=1,2,... 0

Two immediate consequences of the previous theorem are the fol-
lowing.

Theorem 3.34 The triple (0 + R}~ ((X)),0,9) is a subgroup of the
group (6 +R™((X)),0,0).

Proof: The set of generating series § + R7'-((X)) is closed under com-
position since the set R} ((X)) is closed under addition and mixed
composition (the proof is similar to that of Theorem 3.22). In light of
Theorem 3.33, 0 + R~ ((X)) is also closed under inversion. Hence, the
theorem is proved. [ |

Theorem 3.35 If c,d € R} ((X)), then cQd € R\~ ((X)).
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Proof: Since the composition product, the mixed composition product,
and the composition inverse all preserve local convergence, the claim
follows directly from Theorem 3.28. [ |

The radius of convergence of the output feedback product is given
in the following theorem.

Theorem 3.36 Suppose X = {xg,x1,...,Tm}. Let c,d € R7((X))/
REA((X)) with growth constants K., M. > 0 and K4, Mg > 0, respec-
tively. If e = cQd, then for every e > 0

’(6777)‘ S KG(MB + €)|n||77|'7 n € X*7 (345)

for some K, > 0, where

1
M. =
¢ 1/Me W(exp(f(2)))
Jo Ty 4
and

KeMy

B 1 . Mdz (1 _ MCZ) KgMe
f(z)_ mKd +1n mKd

Furthermore, if K., M., Kq and My are minimal, then no geomet-
ric growth constant smaller than M. can satisfy (3.45), and thus, the
radius of convergence of e = cQd is

/1/Mc Wilexp(f(2) .
; 1+ Wiexp(f(z)))

1
(m+1)

(3.46)

Example 3.36 Suppose X = {z,x;}. Recall from Example 3.14 that
if ¢ is a locally maximal series with growth constants K., M. then

K.
y = F.lu| = .
S T
Setting z; = y and computing the derivative gives directly a state

space realization for this input-output system, namely,

M

7= =22 (1+u), 2(0)=K,
K.

Yy =z.
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Fig. 3.17. Zero-input response of feedback system in Example 3.36

An analogous realization exists for Fy if d is locally maximal. If these
two systems are now interconnected as shown in Figure 3.15, then a
realization for the closed-loop system F,.qq is

M.

Z = ?Z% (1 + 22 + u) ) 21(0) = K. (3‘473)
M

=8 (14 2), 2(0)=Ky (3.47b)
Ky

y =z (3.47¢)

A numerical simulation of (3.47) with K, = 1, M. = 2, K3 = 3 and
My = 4 and u=0 gives the response shown in Figure 3.17. There is a
finite escape time at t.s. ~ 0.0723. As discussed earlier for the parallel
and cascade connections, it is known that the zero input response of
locally maximal series defines the radius of convergence for the corre-
sponding connection. The same is true here. Numerically integrating
(3.46) for this case gives t.s. = 0.0723 as expected. 0

The following corollary gives the radius of convergence for a unity
feedback system.

Corollary 3.4 Suppose X = {xo,21,...,2n}. Let ¢ € R7-((X))/
Go((X)) with growth constants K.,M. > 0. If e = c¢Qd, then for
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every € > (
[(e,n)| < Ke(Me+ ) nl!, ne X*,

for some K, > 0, where
M.

M, = .
1—mK_.In (1—1—%&)

(3.48)

Furthermore, if K. and M. are minimal, then no geometric growth
constant smaller than M. is possible, and thus, the radius of conver-
gence of e = cQd is

1 1
7Mc(m+1) [1—chln <1—i— ch>] .

The next corollary is useful for the convergence analysis of unity
feedback systems having analytic inputs.

Corollary 3.5 Suppose X = {xo,1,...,Tm}. Let ¢ € RT-((X))/
RE~((X)) with growth constants K., M. > 0. Assume e = cQ6 and let
M. be as defined in (3.48). If ¢, € RT'[[Xo]]/RE[[Xo]] with growth
constants K., , M., >0 and cy = e o c,, then for every e >0

(cy, x)| < Ko, (M, + €)k!, k >0,
Jor some K., > 0, where

U

M.
M., = ; TSRS
I—=mK. W (.- Koo OXP (ko

Thus, the interval of convergence for the output y = Fe [u] is at least
as large as T = 1/M,,.

Proof: The proof is an immediate consequence of Corollaries 3.3 and
3.4. ]

Example 3.37 Let X = {xg,x1}. Suppose e = cQf, where ¢ is a
locally maximal series with growth constants K., M. > 0. The zero-
input response of the feedback system is described by the solution of
the state space system
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Fig. 3.18. Zero-input response of feedback system in Example 3.37

M,
p= 2+ 2%, 2(0) =K,
K.

Y=z
Numerical solutions of this system are shown in Figure 3.18 when K, =
M. =1 and when K. =4, M. = 0.5. As expected from Corollary 3.4,

the respective finite escape times are tese = 1 — In(2) ~ 0.3069 and
tese = 2(1 — 41og(5/4)) ~ 0.2149. 0

Example 3.38 Let X = {x,x1} and consider the case where e = cQ§
with ¢ = >, -y n!z]. In comparison to the previous example, ¢ has
most of its coefficients equal to zero. Therefore, it is likely that the
output will be finite over a longer interval. The zero-input response of
the unity feedback system is described by the solution of

s=2% 2(0)=1
Yy =z.

Therefore, y(t) = 1/4/1 — 2t is finite up to ¢ = 0.5, which is longer
than the finite escape time of t.s. = 0.3069 obtained in the previous
example. 0
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The next example illustrates an important distinction between
the feedback connection and all previous interconnections considered,
namely, feedback does not preserve global convergence.

Example 3.39 Consider a feedback interconnection involving the
globally convergent series ¢ = x1 and d = ) .-, x]f Setting z1 =
F.lu] = E; [u] and 2z = Fy[u] = exp[E,, [u]], it is clear that 31 = u
and 29 = zou. In which case, F,.aq has the state space realization

21 = 29 + U, 21(0) =0
22 = Z1%2, 22(0) =1

Yy=z.

Setting u = 0, y satisfies the initial value problem §—gy = 0, y(0) = 0,
y(0) = 1, which has the solution

y(t) = v2tan )= i(—l)k_12k(22k_l)% 7t2k71
VZ) & K (2k— 1)
t3 5 t7 9
—tb o A 434 496 4
HETRE I TR T

for 0 <t < 77/\/§ ~ 2.2214, where B; denotes the k-th Bernoulli
number. A numerical simulation of the state space realization confirms
a finite escape time at t.s. = 2.2214. Hence, the closed-loop system is
not globally convergent. 0

While global convergence is not preserved under feedback, there is
no doubt in light of Theorem 3.35 that the closed-loop system still
has a locally convergent generating series. It stands to reason that
the radius of convergence in this case might be larger than that given
by Theorem 3.36 since stronger growth bound have been imposed on
the generating series of the component systems. The first theorem
describes the radius of convergence of the feedback connection of two
globally convergent subsystems with Gevrey order s = 0. Then the
unity feedback case is presented as a corollary. It is easy to directly
compare radii of convergence in this latter case as illustrated by an
example.
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Fig. 3.19. Zero-input response of feedback system in Example 3.40

Theorem 3.37 Suppose X = {xo,x1,...,Tm}. Let ¢,d € REL((X))
with growth constants K., M. > 0 and K4, My > 0, respectively, and
Gevrey order s=0. If e = cQd, then for every e > 0

(e, )] < Ke(Me + e)n|!, n e X, (3.49)

for some K. > 0, where

1

1 dz’

M, = —
fO 1+W (exp(f(2)))

(3.50)

and

mK .My

fz) = i (exp(Mez) — 1) + Mgz + mKy + In(mKy).

&
Furthermore, if K., M., Kq, and My are minimal, then no geomet-
ric growth constant smaller than M. can satisfy (3.49), and thus, the

radius of convergence of e = cQd 1is

1 o0 1
1) Uo T W e E) - (3.51)
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Example 3.40 Suppose X = {z¢,x;}. Recall from Example 3.21 that
a maximal series with Gevrey order s = 0 and growth constants K., M,
yields the Fliess operator

y = Felu] = Keexp (McEgg 4, [u]) .-
Setting z; = y gives directly the state space realization
21 = Mczl(l + u), 21(0) == Kc
y=z.
Therefore, the feedback interconnection of two such systems is realized
by
Z21=M.z1 (14 22+u), z(0) =K,
29 = Myzo (1 + 21) s ZQ(O) =Ky
Yi = 21.
A numerical simulation of this system with growth constants K, =
1,M.=2,Kg=3 and My = 4 gives the zero-input response shown in
Figure 3.19. Numerical integration of (3.51) for this case gives tese =
0.1570 as observed in the figure. 0

Corollary 3.6 Suppose X = {xo,x1,...,2m}. Let c € RE~((X)) with
growth constants K., M. > 0 and Gevrey order s = 0. If e = cQJ, then
for every e >0

l(e;m)| < Ke(M + &) [n|!, neX*, (3.52)
for some K, > 0, where
_ M,
(14 k)

Furthermore, if K. and M. are minimal, then no geometric growth
constant smaller than M. can satisfy (3.52), and thus, the radius of
convergence of e = cQJ is

M.

v [ ()
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Fig. 3.20. Zero-input responses of the feedback system in Example 3.41

Proof: Set K. = Kqand M, = M, in (3.50) and then evaluate directly.
u

Example 3.41 Suppose X = {zg,z1}. Let e = ¢@Qd with ¢ being a
globally maximal series with growth constants K., M, and s = 0. This
is the global version of Example 3.37. The zero-input response of the
unity feedback system is described by the solution of the state space

system

b= Md(z+2%), 2(0) =K,

Y= z.
Numerically generated solutions of this system are shown in Fig-
ure 3.20 when K. = M, = 1 and when K. =4, M. = 0.5. From Corol-
lary 3.6 the respective finite escape times are t.s. = In(2) ~ 0.6931
and tesc = 2log(5/4) ~ 0.4463. Note that these escape times are about
twice that of the respective cases in Example 3.37. To see why this hap-

pens, observe that the geometric growth constant for the local case in
Corollary 3.4 has the form M, = «(K.) M., where

a(K,) = !

1_mK01n<1+#&)7
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while for the global case in Corollary 3.6, M, = v(K.) M., where
_ 1

T

n (1+ 7 )

In light of the series expansions about K. = oc:

Y(Ke)

4 1
a(Ke) = 5 +2Kc +0 <K>

1 1
W(Kc)—2+Kc+O<KC>,

the radius of convergence for the global case with s = 0 is always about
twice that for the local case, especially when K. > 1. 0

Example 3.42 Suppose X = {xp, 21} and consider the case where
e = c@ withc =), -, «7. The series ¢ has the same growth constants
K., = M, =1 as in Example 3.41 except most of its coefficients are
zero. Thus, the zero-input response is expected to be finite over a
longer interval. The zero-input response of the unity feedback system
is described by the solution of

i=2% 2(0)=1
y==z.

Therefore, y(t) = 1/(1 — t) is finite up to ¢ = 1, which exceeds the
finite escape time of t.s. = 0.6931 in the previous example. 0O

Finally, a summary of the radii of convergence for all four elemen-
tary system interconnections is given in Table 3.2 for the case where
the subsystems have only locally convergence generating series. The
analogous summary for the globally convergent case is given in Ta-
ble 3.3. Here the distinction is made between the composite system
having a globally convergent generating series in the sense of (3.11)
(GC) versus having only the corresponding operator being globally
convergent.
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Table 3.2. Radii of convergence for connections of only locally convergent systems

connection e, d € R0 (X)) /RS o (X)) | source
1
parallel m Theorem 3.15
prOduCt m Theorem 3.16
cascade
(L=m m [1 —mKqW (m}(d exp (%};{l%‘:))] Theorem 3.22
for d)
1 1/Mc W (exp(f(2)))
feedback (m+1) fo T+ W (exp(f(2))) dz
e;f ac s (1_M‘z>7§;ﬁg Theorem 3.36
(t=m) F(z) =15 +In | O
unity
feedback m [1 —mK.In (1 + #KC)] Corollary 3.4
(£ =m)

Table 3.3. Radii of convergence for connections of globally convergent systems

connection

¢,d € Rgo{(X))

source
parallel oo (GO) Theorem 3.13
product oo (GC) Theorem 3.13

1 ia:riaf((i)i d) 00 Theorem 3.23

1 oo 1

foedback @0 Jo wesgem ©

((=m, s=0) | f(&)="05" Exp(Me2) 1) + Mgz | Theorem 337

+mKq+ In(mKy)
unity feedback
v :}’m7 o) m In (1 + #&) Corollary 3.6

3.8 Formal Fliess Operators

All the focus up to this point has been on Fliess operators which have
at least a locally convergent generating series. This provides for a well
defined mapping from a ball of input functions in Ly [to, to+77] to a ball
of output functions in Lfl [to, to + T]. In this section, this requirement
will be relaxed and instead, the class of formal Fliess operators will be
defined without any reference to convergence. Theorem 3.19 motivates
the approach, namely, that F, can be viewed as a mapping from the set
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of formal inputs, R™[[X]], to the set of formal outputs, R*[[X]], using
the composition product. After all, the composition product of two
series as induced by operator composition is well defined (summable)
independent of whether its arguments are convergent in any sense. The
following definition makes this notion precise.

Definition 3.9 The set of formal Fliess operators is the collection
of mappings

F = {R™[[Xo]] = RY[Xo]] : cu > ¢y = cocy, c € RY(X))}.

As was shown in Theorem 3.5 for the locally convergent case, the
generating series of a formal Fliess operator is unique. It should be
noted from the onset, however, that the method of proof for The-
orem 3.5 does not apply here. The piecewise constant test input u
employed earlier is not in general characterized over [tg, to + 1| by any
single generating series, cz. Thus, a completely different approach is
needed here.

Theorem 3.38 Let ¢,d € RQ(X)). If cocy, = docy for all ¢, €
R™[[X0]] then ¢ =d.

The following three lemmas are essential to the development of a
proof. They recast the composition product in a different light, showing
more of its combinatoric nature. (This approach will also be useful in
Chapter 5 for defining Chen series.)

Lemma 3.8 Let c € RY((X)) and c, € R™[[Xo]]. Then for anyn >0

m,n

n
(cocy, zg) = (c,x8)+z Z <c szll ZJ: (n)) (cuil,xél) . (Cuz'k»l"{)k)a

k=1 i1eip=1

where ¢, s the i-th component series of ¢, and
pJ1Jk _ § J1Jk L (3 W (1]
le Zk( )_ XTLO ?’Lk( )xo xlk xO xll$0
n0;...,1,=0
18 a polynomial with coefficients

X, ()

= (o ol o T e s ) )

Edition 1.2, Copyright (© 2022 by W. Steven Gray



208 3. Fliess Operators
Clearly, x2L: Jffk (n) = 0 whenever ng +n1 + -+ +ng +k + ji + jo +
- Jr #mn. So szll Z]kk (n) is homogeneous of degree n — j, where j :=

14 jo+ -+ jr when k <n—j, and P ]’“( )=0 when k >n—j.

01l

Proof: From the definition of the composition product,

(cocua) = 3 (en)nocuh)

nex*

= (¢,2p) + Z Z (c;m)(n o cu, z(), (3.53)

k=1 ?’]GFk

where

m
I = fGX*:Z|§|xj:
j=1

Let n be any word in I';. Substitute ¢, = >_~q(cu, xf)) componentwise
into the following expression and use the R-linearity of the shuffle
product:

(00 cur )
= ((mgkxﬁk - _mglxilxgo) 0 Cy, T())
1
= (5 e w0 Mlew,y wo e e, wag] Il of)
0 .
= Y (e el ol w2 T ]l o)
j17"'7jk:0

(Cuz‘l xg)l) T (Cuik x{)k)

= Z X"le() ]’Vljk (Cuzl ':U‘g]l) o (Cuik ’ xék)
Jiyedk=0

Finally, substitute the above identity in equation (3.53)

(cocy, xy)

[ee] m
= ()t D (eaptw, apteaay) i (n)
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C xO +Z Z < 'Pljll Zik( )) (Cui1’$él)"'(6uik7$ék),

=1 1, ip=1
VAREED) J=0
and the lemma is proved. [ |

An alternative identity for (c o ¢y, z{}) can be deduced from the
one in Lemma 3.8 by introducing an ordering on the coefficients
(Cus,»@0') -+ (cuy, ). For each k > 1 define the set of 2 x k ma-
trices

Sk:{<‘7.1 J2 ?’“):1§z‘l§m,jlzo,
1 12 ... 1

(1,0) < (41,51) <--- < (ika)}a

where “ <7 denotes the lexicographic order on the set {(i,7) : ¢,j €

No}. Define the positive integers sq,...,s, for a given element of Sj
by
51 /31 ﬁ"'52 o BprBp
Ji J2 Je ) _ ey
iy ... ik NN N
S1 52 Sp

Using this ordering, the lemma below follows naturally.
Lemma 3.9 Let c € RY((X)) and ¢, € R™[[Xo]]. Then

(cocy,xi) = (c,x() + ZZ o (c szll ijk(n))

k=1 Sy
J
(Cuzl SUO ) (Cuzk :L‘Ok)7
where the inner sum is taken over all elements of Sy such that k+7 < n
and A ‘
J1 g L pJlo(1) " Jo(k)
B, (n) = Z Pi[,(l)-uid(k) (n).
o€elly,

Here II}, denotes the permutation group defined on the set {1,2,...,k}.

Proof: This new expression follows from Lemma 3.8 by grouping the
terms related by permutation. [ |
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Example 3.43 Consider the single-input, single-output case so that
X = {xg,21} and ¢ = 1. Here the lower indices of P and P are such
that ¢7---4p, = 1---1 in every case, so they are suppressed in the
notation. For k = 3, the first few polynomials PJ19273(n) are written
below in terms of the polynomials P719273 (n) using the definition:

pIrizis (n) — pijags (n) + PI1isjz (n) + JERVE (n)+
PJ2dsi (n) + PJainiz (n) + PJaizin (n)

For example,

O

A more compact form of the above identity is possible if one associates
a family of polynomials in R(X) with each ¢, € R™[[Xo]]:

n
P, (n) = CL’S’ + Z Z Wajllzjkk (n) (Cu«;l ) 95{)1) e (Cu«;k ) x{)k)v
k=1 Sy, b
(3.54)
n > 0. Clearly, deg(P.,(n)) = n and

(cocy,xy) = (¢, Py (n)), n>0.

Therefore,
0]

cocy, = Z(c, P, (n))zj.

n=0

Example 3.44 Continuing the previous example, it follows directly
from the definition of P, (n) that
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322 (cu, 0) (cu, o) + (2321 + 2128 + 2o7120) (Cuts 0)+

(xox% + z12021 + x%xo)(cu, (2))2 + xi{’(cu, (2))3

O

The next lemma combined with the previous one provides the core
argument for the uniqueness of the generating series of a formal Fliess
operator.

Lemma 3.10 Let X = {x1,2z9,...,2,} and p € R[X]. Define the
corresponding generating function on R"

h(x)=> (@ e,

|
neXx* -
Then fp(z) =0 for all z € R™ if and only if p = 0.

Proof: For any n = x;, ---x;, € X* define the partial differentiation
operator

" ok

% N 82i182i2 e azik '
Assume the support of p is ordered. If f,(z) = 0 everywhere on R"
then it follows that

an
aan () T (p,m) =0, Vn € supp(p).
Thus, p = 0. The converse claim is trivial. [ ]

Proof of Theorem 3.38: Since coc, = doc, is equivalent to (c—d)oc, =
0, it is sufficient to prove that if co ¢, = 0 for all ¢, € R™[[X]]
then ¢ = 0. From co 0 = 0 it follows directly using Lemma 3.9 that
(c,zy) = 0 for all n > 0. Thus, it is only necessary to show that
(¢,n) = 0 for every n € I, k > 1. This fact is proved by contradiction.
That is, suppose ¢ # 0 but coc,, = 0 for all ¢, € R™[[Xp]]. For any fixed
n > 1, it is immediately evident from Lemma 3.9 that (co ¢y, zq) is a
polynomial in the ordered variables z, := (cuie,xff), {=1,...,n with

coefficients proportional to (c, Pﬁ”i’“ (n)), k < mn —j. In which case,

410
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an ordered alphabet can be introduced so that this polynomial can be
represented exactly as p in Lemma 3.10. Since f,(2) = (cocy,2™) =0
for any z (i.e, any ¢,), it follows from the lemma that

(c, P (n)) ~0 (3.55)

[ARRRIAN

for every n > 1 and any set of indices (ﬁj’“) € Si. This by itself,

ik
however, is not §ufﬁcient to conclude that ¢ = 0. Suppose there exists
for some fixed k > 1 a word 79 € I} such that (c,19) # 0. Define a
corresponding language

Q:{TIEFE}:|T/|IZ:|7]O|xZ7 i:0717""m}7

which is comprised of all words which are permutations of the letters
of ng. With (2 one can associate a nonzero polynomial

Q= 2(0777)7"

nes?

Observe for any n > 0 and d,, € R™[[X)]] that

= ———— (P 0) Ay ad) - (@ )

s1le- - sp!

= Z Z Z M (T], szllljkk (n)) (du,, » xgl) - (duik 7 xék)

——— (e P m)) (duy2f) (a2

using (3.55), the definition of @), and letting

Se={ (2 ) esi—n i,

(SE)
— 4k ny ng
o = Ty xiE'”xO Ty Ly }
But since @) is a polynomial, it is locally convergent. It is already

known from Theorem 3.19 that if @ od, = 0 for all locally convergent
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dy, in R™[[Xp]] then @ = 0. But this contradicts the assumed property
that @ # 0, which had followed from the assumption that (¢, n9) # 0.
Hence, ¢ = 0, and the theorem is proved. [ ]

In Chapter 1, the notion of the formal Laplace-Borel transform of
a function was introduced. Namely, given a function v : R — R, which
is either analytic at a point tg € R or is a function in the formal sense,
one can construct its generating series

o0

Cy = Z(cu, xy) Tg

n=0
directly from its Taylor series expansion. The formal Laplace transform
in this setting is the mapping
L iu ey, (3.56)

and its inverse is the formal Borel transform. In light of Theorems 3.5
and 3.38, an analogous definition is possible for any Fliess operator,
convergent or formal. Slightly abusing the notation, elements in .% will
be written as F..

Definition 3.10 The formal Laplace transform on F is defined
as the mapping
Ly F — RYX))
cF.—c.
The corresponding inverse transform, the formal Borel transform
on RY(X)), is
B RYUX)) = F
e F.
Note that when m = 0, this definition is consistent with (3.56) in
the sense that a given function w can be represented as a constant
operator Fi,, that is, u = F,, [v] for any signal v, and Z[u| = ¢, =

2Ly F,,]. In fact, as the following example shows, this point of view is
implicit in the classical treatment of linear time-invariant systems.

Example 3.45 Consider a causal linear integral operator
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y(t) = /0 Wt - 7yu(r) dr,

where the kernel function h is analytic at ¢ = 0. This operator
is completely characterized by the integral Laplace transform of it
kernel function, namely its transfer function H(s) = Z[h|(s) =

Zk>0(ch,x§)s*k. In terms of the formal Laplace transform, this is
equivalent to taking the transform of a signal, specifically, ¢;, =
Z|h], as opposed to the operator u + y. On the other hand, the
formal Laplace transform of the operator is the linear series ¢ =
> j>o0(cn, ak)zkr) = cpr1 (see Section 1.3). 0

It is next shown that many of the familiar properties of the integral
Laplace transform also have their formal counterparts. To facilitate the
analysis, the concept of a generalized series appearing in the previous
section is further refined.

Definition 3.11 A Dirac series, §;, is a generalized series with the
defining property that Fs [u] = w;(t), or equivalently, 6; o ¢, = ¢y,
i=1,2,...,m.

Theorem 3.39 For any c,d € RY((X)), the following identities hold:
1. Linearity
gf [Och + 5Fd] = a.ﬁff [Fc] + ﬂgf [Fd]
By [ac + Bd] = Oa@f [c] + BA [d],

where a, 8 € R.
2. Integration

Ly [I"F,] = agc
By [xic] = I"F,

where I(-) denotes the formal integration operator.
3. Differentiation

Ly [DF] = a5 (c) + ) b (27 (¢))
i=1

By |25 (c) + > 6w (z;'(c))| = DF.,
=1
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where D(-) is the formal dz’ﬁerentiation operator. If xf} is a left
factor of ¢, that is, ¢ = x2c for some ¢ € RY(X)), then

L5 [D"Fe] = 24" (¢)
By [v5"(c)] = D"F..

4. Products

Ly [FeFa] = Zy [Fe] w 2y [F]
By lewd] = By [c] By [d].

Proof: The properties of linearity and integration are trivial to verify.
The product property follows directly from Theorem 3.11. Thus, only
the differentiation property requires some justification. It was shown
in Theorem 3.4 that the derivative of a convergent Fliess operator is

D R) = Foos +Zu1 1o i)
= Fsigesm, 6w @i Y-

For a formal operator, one can easily show that the composition prod-
uct satisfies the identity

zy (coey) =15t (c) ocy + Zcui w2 e) o eyl

— (xal(c) + 26i L (xz_l(c))) o¢y
i=1
(see Problem 2.7.7). Thus, the first pair of identities in part 3 is es-

tablished. Now if x is a left factor of ¢, then F (e y[u](t) = 0 for

= 1,2,--- ,m. In this case, £ F.[u)(t) = F 71(6)[ u](t). Proceeding
inductively, the second pair of identities follow. [ |

Example 3.46 Consider a generalization of the Wiener system in Ex-

ample 3.7: t
y(1) = exp ( /0 wr(7) + ua(7) d7> .

Setting X = {x1,z2}, observe that
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where ¢ = (71 +22)" == ) ;51 + x2)*. Therefore,
gf[Fc] = (1’1 + .232)*.

This result can be viewed as an operator version of the integral trans-
form pair
el & (1—s)"L

Other formal Laplace-Borel transform pairs are given in Table 3.4.

Example 3.47 Suppose F, has the generating series ¢ = char(X). For
any fixed word n € X*

Zy [FcEn] = gf[FC] w Ly [En]

=Ccwn

-3 ()

where (7';) denotes the number of subwords of v which are equal to n
(see Problem 2.4.4). For example, if X = {z¢,z1} and n = z12( then

cwn=(xg+z1)wrix

= xor1xg + 21‘1%01’0 + 21’11‘1%0 + 12021

o TOI1X( T1Xox0 T1X1X0
= ToT1Zo + T1ToZo + r1Tr120+
10 12X T1X0

1201
T1T0T1-
T1Z0
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Table 3.4. Elementary formal Laplace-Borel transform pairs.

Fe Zy [F]
u—1 1
u = t" n! xg
wer (205 (1) 4 ) e (1 - azo) ™"
U % (ftto 25:1 Uij (T)dT)n (Tiy + Tig + -+ 3,)"

U0 ® (-ﬁfto S i (T)dT) 2 ons0an(Tiy + Tiy + 0+ 3,)"

t k i (T)dT *
u i elto Zi=1 viy()d (i) + 2ig + -+ 25,)

t k ) ftt’ Z?:l w; . (T)dT Tiy FTiy+Fayy
U fto > iy iy (T)dT e’ j [ CHET =)
u s cos ([ S0 wi (r)dr L
tg £ej=1 "% T+ (@iy txjp+otag, )?
. t k . Tiy F@ip o Fayy
u > sin (fto Do Uiy (T)dT) TH(2i, Foiy ¥ T2i,)?

Example 3.48 Let X = {1, 22},

y(t) = cos (/Ot wr (7) + uz(7) dr) ,

and d = (dy,ds) € R?((X)) be arbitrary. From Table 3.4 it follows that
y = F[u], where

1 oo

c=————— = Z(—l)k(m + 1),

2
1+ (1‘1 + .Tg) =0

Setting F, = F, o Fy, the formal Laplace transform of F, is then

Ly[F)=cod=>Y (~1)f(x1 +22)* od.
k=0
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Example 3.49 For any ¢ € R"((X)), z; € X with ¢ = 1,2,--- ,m,
and n > 0, recall that

1

ocCc= m(a:oci) o

n
€T

(see Problem 2.7.7(a)). Applying the formal Borel transform to both
sides of this identity gives

7l 0l = 2y | w7

Example 3.50 Consider the linear differential equation

= diu()
dt” +Z dtl :;b" dti

with initial conditions y®(0) = 0, u()(0) = 0, and where a;,b; € R,
1=0,1,...,n—1 for n > 1. The goal is to construct a series solution
y = F.[u] for some ¢ € R((X)). First, integrate both sides of the
equation n times and then apply the formal Laplace transform to get

(54—2&1 n—l-i >OC—be"1’ 1,

or equivalently,

n—1
<1+ZCLZ‘SL' )C_Zb 1:”1’
=0

Therefore,
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C_<1+Zalnz> benlz

Rephrased in the language of the integral Laplace transform, this is
equivalent to
n—1 1 -1 /no1 1
(1Sl (St
i=0 i=0

n—1 -1
= (sn —+ ZaiSZ) (Z bi8i> Ul(s
1=0 =0

Example 3.51 Consider the nonlinear differential equation

dy(t) S dy(t) . > pju)y’ () =) b, dt;t(it)

dt" i=0 j=2 i=0
with y(0) = 0, u()(0) = 0, and where a;,b;,p; €R,i=0,1,...,n—1
and j = 2,...,kforn > 1, k > 2. Asin the previous example, integrate

both side of the equation n times and assume y = F,[u]. Applying the
formal Laplace transform in this case gives

n—1
(14—2%3@ )c+2p] ”1301 Zb :U”lZ
i=0
Defining

n—1 -1
— |1 +Za¢ ap | pjrh Tt
=0

<1+Zaz ’”) (be”“ )

k
Zd] +61

7j—2

and

it follows that
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(FeyFg) —————F.0Fg= Froq
£y By Ly By
(e,d) - cod

Fig. 3.21. The monoid isomorphism £ between (.#,0,I) and (R™((X)),o0,9).

An inductive solution is given by ¢ = lim,_, ¢,, Where

k
Cntl = Zdj(cnm]') +c, n>1,
Jj—2

provided the limit exists. This can be verified using the fact that the
d; and c; are all proper. 0

Given two linear integral operators with kernel functions h; and
ho defined on [0, 400), respectively, their composition has the kernel
function hq * ho, where * denotes the usual convolution product on
the set of real-valued functions. The set of all such functions forms a
monoid M if the Dirac delta function, §, is admitted as the unit. The
integral Laplace transform satisfies the well known identity

ZLh * hal(s) = L[M](s)L[ha](s) = Hi(s)Hz(s)

and maps M to the monoid of corresponding transfer functions under
the pointwise product in C with £ (§) = 1 (see Problem 2.1.1). This
section is concluded by observing that the formal Laplace transform
acts analogously as a monoid isomorphism in the context of Fliess
operators.

Theorem 3.40 For any ¢ € R*((X)) and d € R™{(X)):

Ly(Feo Fy) = Zy(Fe) o Zy(Fy)
Br(cod) = By(c) o By(d).

Proof: The proof follows directly from the definitions. For any F,, Fy €
F

.,Zﬂf(Fc OFd) = gf(Fcod) =cod
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= ZL(F,) o Ly (Fy).
Similarly, for any formal power series ¢ and d,

PBf(cod) = Feoqg = Feo Iy
= HBy(c) o By(d).

Setting ¢ = m and recalling that F5 = I acts as the unit on .%#, the
commutative diagram in Figure 3.21 shows the monoid isomorphism
relating the monoids (%, 0,I) and (R™((X)),0,9).

Problems

Section 3.1

Problem 3.1.1 Let ty and 1 be fixed real numbers with tg < 1.

(a) Show that if u € Ly [to, 1] for any p € [1,00) then u € Li"[to, t1].
In addition, show that every u € LZ[to,t1] is also in L [to, 1] for
every p € [1,00).

(b) Repeat part (a) for the extended spaces Ly (to) and L7 .(to).

Problem 3.1.2 Prove that Ly'[tg,o0) C Ly (to) for any p € [1, oc].

Section 3.2

Problem 3.2.1 Show that for any p € (1,00] and any finite interval
[to, to + T
1
Jully < llull, T,

when u € Ly*[to, to + T, and p and q are conjugate exponents.
Remark: Consider a subset {2 C R and two functions u,v : {2 — R™,
where [[uf|, and [[v[|, are well defined in the sense that

full, = [ 1utop dt)‘l’ <.

Holder’s inequality states that
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[ w0 di < ful, ol

when p and q are conjugate exponents. The special case where p =
q = 2 is known as the Schwarz inequality.

Problem 3.2.2 Reconsider the Wiener system in Example 3.3.

(a) Determine the generating series ¢ assuming z(0) = a.
(b) For what values of a is ¢ well defined?

Problem 3.2.3 A function f : R — R is said to satisfy a Lipschitz
condition on J = [a,b] if there exists a constant L > 0 such that

|f(z1) = f(22)| < L|z1 — 22|, Vz1,20 € J.

(a) Show that if f satisfies a Lipschitz condition on J then it is abso-
lutely continuous on J.
(b) Show that if f is continuous on J and has a bounded derivative
n (a,b), ie., |f'(z)] < M everywhere on (a,b) for some finite M,
then f satisfies a Lipschitz condition on J.
(c) What can one conclude about f when 0 < L < 17

Remark: The mean value theorem is useful in this problem.

Problem 3.2.4 Consider a function f: R — R.

(a) Show that if f is absolutely continuous on J = [a,b] then it is
continuous on J.

(b) Show that if f is continuously differentiable on .J then it is abso-
lutely continuous on J.

Problem 3.2.5 Let X = {zg,21,...,2n}, ¢ € Rpo((X)), and u; €
Cllto,to +T] for i = 1,2,...,m. Define y = F.[u].

(a) Derive a formula for d?y/dt>.

(b) Suppose m = 1, and c is a linear series. Compute dy/dt and
d?y /dt?.

Problem 3.2.6 Suppose ¢ = (¢, z;xj)x;xj+ (¢, T;x;)T;T;.

(a) For the input @ shown in Figure 3.4 compute F,[u](t1+t2) assuming
to =0.

(b) Compute G(c, ) :=

2

F.lu|(t; +1 .
Bt.0t, et + t2) —
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0’°G 0*G
(c) Compute Banda, and Basadan Is the result what is expected?
Explain.
(d) Suppose now that x; = xg so that agr, = 1, k = 1,2. If partials

0/0aygy, are not taken in part (c), what is the result?

Problem 3.2.7 Consider a series of functions

f(z2)=fi(2) + fa(2) + ...,

where each f; : We — C is an analytic function on a region W¢ in the
complex plane. Show that if the series converges uniformly on every
compact subset of W then f is also analytic on W¢.

Remark: This is a standard problem in complex analysis. It can be
solved by forming the partial sums s,, = » " ; f; and applying Morera’s
theorem. For more information, see, for example, Chapter 5 of [2].

Section 3.3

Problem 3.3.1 For each formal power series ¢ over X* with coeffi-
cients given below, determine its minimal Gevrey order and whether
it is locally convergent, globally convergent, or neither. When appro-
priate determine at least one pair of real numbers R,T" > 0 such that
the Fliess operator F, is well defined on B, (R)[0,T.

Remark: Stirling’s approximation formula
K~ V2rk Ere ™, k> 1
is useful for part (e).

Problem 3.3.2 Provide an example, if possible, for each scenario be-
low concerning linear series (see (2.48)). If no such example exists, give
a justification.
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(a) A series ¢ which is linear but not globally convergent.
(b) A series d which is globally convergent but not linear.

Section 3./

Problem 3.4.1 Express the input-output mapping of the Wiener sys-
tem in Example 3.7 as a Volterra operator.

Problem 3.4.2 If the order of the blocks in a Wiener system are
reversed, the resulting system is called a Hammerstein system. An
example of a single-input, single-output Hammerstein system is shown
in Figure 3.22. Suppose g(u) = u?.

z

Fig. 3.22. The Hammerstein system in Problem 3.4.2.

Y

(a) Determine a Volterra operator representation of the input-output

map u — y.

(b) Determine a Fliess operator representation of u — y.

(¢) Suppose u(t fo 7) d7. Determine a Fliess operator represen-
tation of v »—> Y. ThlS is an example of what is called dynamic
extension.

Section 3.5

Problem 3.5.1 Provide a proof for Theorem 3.13 for the special case
where s? = 5.

Problem 3.5.2 Show that if A € R"*™ and B € R™*™, then

k
(AeB)F = (A7 @ B)) <k>
J

7=0

Remark: See the references [16, 15, 17, 18] for various elementary iden-
tities involving the Kronecker product.
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Problem 3.5.3 Show that if d € Rpo((X)) with growth constants
K4, My > 0, then for any k& > 1:

(lv|+k—1)!

Go1) Yv e X7

Show that this implies the more generous upper bound
(@ *,)| < KhkM)M )t v e X7,

What kind of system interconnection could produce the generating
series d " k7
Remark: See Problem 2.4.8.

Problem 3.5.4 Show that (1 —z1)" ! =3, kla¥, where ¢ 1
denotes the shuffle inverse of ¢ € R({X)) as defined in Problem 2.4.11.
Hence, the shuffle inverse does not preserve global convergence.
Remark: It is shown in [88] that the shuffle inverse does preserve local
convergence.

Section 3.6

Problem 3.6.1 Verify the integer sequence identity (3.19) used in the
analysis of the cascade connection of two linear time-invariant systems.
Remark: An inductive proof is possible, but an alternative approach is
to use the integral formula

1
/ (1 —2)"~ '’ de = B(i, j),
0

where B(x,y) = I'(x)I'(y)/I'(z + y) is the beta function.

Problem 3.6.2 Consider the system shown in Figure 3.23 comprised
of a harmonic oscillator with transfer function H(s) = w,/(s? + w?)
followed by a saturation type function. Derive a Fliess operator rep-
resentation of the input-output mapping v — y. State any required
assumptions and discuss the convergence properties of the proposed
model.

Problem 3.6.3 Let X = {xg,z1,...,%,} be a fixed alphabet. Con-
sider a Fliess operator Fi, ¢ € R™((X)), and a function f; : R™ — R™
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U —» H(s) ’ }ﬁ

oscillator saturation function

z

Fig. 3.23. The system with saturation considered in Problem 3.6.2.

with generating series d € R ((X)) of the form d = ijex (d,zj)x;.
That is,

fa(z1, - oy 2m) = Z(d,mj)zj,
=0

J
with zg := 1.
(a) Show that the Hammerstein-Fliess system F. o f; has the generat-

ing series

cod= Z (¢,n)d",
nex*

where d? := 1 and dy := 1. That is, F. o fa = Feoa-
(b) Is cod always well defined?
(c) Is it true that if ¢ is locally convergent then so is ¢ o d?

Problem 3.6.4 Consider the Fliess operators F,. and Fy, where ¢ =
> k>0 2% and d = 1.

(a) Verify that (cod,zfz¥) = k!, k > 0.
(b) Determine F,o4[u] and its convergence properties.

Problem 3.6.5

Let X = {xg,x1}. Assume ¢ € R((X)) is a maximal series with growth
constants K, M > 0 and Gevrey order s. Consider the input-output
system y = Fe[u].

(a) Determine a differential equation in terms of u, y, and its deriva-
tives that is satisfied when s = 1. Be sure to include initial condi-
tions.

(b) Repeat part (a) when s = 0.

(c) Repeat part (a) when 0 < s < 1.

Problem 3.6.6 Verify the inequality
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n

n\ ! n—1
<> <24+ ——-, n2>1
k n
k=0

used in Example 3.23.

Problem 3.6.7 Consider two single-input, single-output Fliess oper-
ators F. and Fy connected in series so that y = (F. o Fy)[u]. Assume
the generating series ¢ and d are only locally convergent with minimal
growth constants K., M. > 0 and Ky, My > 0, respectively.

(a) What is the minimal geometric growth constant for the composite
system?

(b) Isit possible for the composite system to have a well defined output
over a longer interval of time than one or both of its subsystems?
Either provide such an example or prove such an example does not
exist.

(c) What are the practical consequences of the answer to part (b)?

Section 3.7

Problem 3.7.1 Let F. and Fy; be two Fliess operators with generating
series ¢,d € R7'-((X)). Show that the feedback connection of these
operators is always well-posed.

Remark: As with the cascade connection, Theorem 3.2 is useful here.

Problem 3.7.2 Consider the field of (irreducible) rational functions
in s € C with real coefficients denoted by R(s). Let R g(s) be the
subfield of proper elements g of R(s) with the defining property that
g(+00) exists and is not zero. Let S = Ry(s) denote the ring of
strictly proper elements h of R(s). Therefore, h(+00) = 0. Observe
that g € R 5(s) if and only if g = K+h for some K # 0 and h € Ryo(s).
Show that R,5(s) acts freely from the right as a right transformation
group on R,o(s), where the product hg is defined in the usual fashion
when g, h € R(s).

Problem 3.7.3 For the series ¢ = 2z% and d = 3z¢ — 21 in R(X),
compute the following:

(a) cod
(b) cads
(C) C(;Od(s.
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Problem 3.7.4 Prove the following propositions:

(a) For any c € R} o((X)) and d € R (X)), F.o (I + Fy) = F.54;.
Recall this is the defining property of the mixed composition prod-
uct given in Theorem 3.24.

(b) The mixed composition product provides an ultrametric contrac-
tion on § + R™((X)) as described in Theorem 3.25.

(c) For all ¢,d,e € R™((X)), (cod)des =co(ddes).

Problem 3.7.5 Verify the following properties of the mixed compo-
sition product by checking their corresponding identities in the Fliess
operator algebra:

(a) The following distributivity property holds for all ¢, d, e € R} ((X)):
(C\_I_ld) 665 = (Cée(;) u_l(déeg)

(cf. Problem 2.7.7(d)).
(b) For any ¢,d, e € R’ ((X)) it follows that

(cod)des =co(ddes)

Problem 3.7.6 Consider the composition group G = (§ + R((X)), 0, 0)
with X = {xo,azl}.

(a) Show that G has a faithful representation 7 : G — GL(R*), where
m(cs) is given by

(1] (c,0) | (c,m0) (c,z1) | (e,28) (c,moz1) (c,m1mo) (c2f) |-+ ]
0] 1 ] 0 0 | o 0 0 0 |-
of o | 1 0 | 0 0 0 o |-
0] 0 | (&0 1 | (cqz0) (¢,m1) 0 0 |-
o[ o | 0 0o | 1 0 0 0 |-
of 0 | © 0 | (c0) 1 0 0 |-
0o 0 | 0 0 | (c0) 0 1 0 |-
0] o | o 0 | (0)® (c0) (c,0) 1|

The coefficients of ¢5 are ordered lexicographically along the top
row with xg < x1, and the partitioning is done according to word
length.
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(b) Show that det(m(cs)) = 1, and that the matrices in this represen-
tation are upper triangular only in the case where ¢s = § + ¢ with ¢
proper. This case is most similar to the representation for the Faa
di Bruno group Grgqp (see Problem 2.6.5).

Problem 3.7.7 Consider the feedback connection of two multivari-
able linear time-invariant systems as described in Example 3.28.

(a) Show that the feedback equation (3.29) has the solution

Hy=(I-HG)'H= i(HG)kH. (3.57)
k=0

(b) Show that this solution is equivalent to (3.30).

(c¢) The feedback product as described in Theorem 3.28 is clearly the
nonlinear analogue of (3.30). Is there a nonlinear version of (3.57)7?
If so, derive it. If not, explain why not.

Problem 3.7.8 Verify formula (3.44) for the largest coefficients in the
Devlin polynomials.

Problem 3.7.9 Consider two feedback schemes involving proportional-
integral-derivative (PID) compensation as shown in Figure 3.24, where
¢ € R{({(X)) and X = {xg, z1}. Assume for the system in Figure 3.24(a)
that

dt

where Kp, K; and Kp are fixed real numbers. An analogous expression
holds for the mapping from w to v in the system shown in the other
figure. Determine the generating series d, if possible, so that w = Fy[v]
in Figure 3.24(a) if all the PID coefficients are zero except for the
following;:

(a) Kp
(b) K
(C) KD.

t
d
w(t) = Kpy(t) + K / y(r)dr + Kp®.
0

Repeat the exercise so that y = Fyw] in Figure 3.24(b).

Section 3.8
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w PID

A

(a) PID compensator in the feedback loop.

v PID

A 4

&

A 4
<

(b) PID pre-compensator with unity feedback

Fig. 3.24. Two feedback schemes involving PID compensation in Problem 3.7.9.

Problem 3.8.1 Explicitly compute the formal Laplace transform of
the following functions:

(a) y(t) =1
(b) y(t) =t"/n!

(c) yt) =e " acR
(d) y(t) = cos(wt), w e R

Problem 3.8.2 For each ¢ € R((X)) with X = {z¢,z1} below, com-
pute the unit step response ys(t) of F. on an interval [0,T]. Specify
the largest possible T" on which this output is well defined.

(a) ¢ = (1 —mzo) lx120
(b) e=(1—a)!

(c) c=1+a?
Problem 3.8.3 For each input-output differential equation below,

solve for y using the Laplace-Borel transform.

(a) ¥ +ay =bu, y(0) =0, a,b e R
(b) ¥ +y* = uy, y(0) =0
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Problem 3.8.4 In many communication and control systems, a phase-
locked loop (PLL) is used to synchronize an incoming external signal
with an internally generated signal. For two sinusoids at the same
carrier frequency, w., this amounts to driving their phase difference
to zero. A simple example of such a system is shown in Figure 3.25.
The voltage controlled oscillator produces a sinusoid at the carrier

sin(0,(1) - 6(1))

ideal
cos(w,t+0,(1)) lowpass > if)lct)p > 0,(t)
filter ilter
voltage
controlled <
sin (wct+9f (t)) oscillator

Fig. 3.25. Phase-locked loop in Problem 3.8.4.

frequency with phase

0:(t) = /0 v (7) dr.

For simplicity assume that the loop filter has transfer function H(s) =
1.

(a) Derive a differential equation in terms of the instantaneous input
frequency w; = db;/dt and the phase difference A = 6; — 0. The
mapping w; — A€ describes how the PLL tracks the change in
phase of the input signal.

(b) Assuming that there exists a ¢ € R{(X)) such that F, : w; — A8,
derive an algebraic equation that ¢ must satisfy.

(c) How can ¢ be determined from this equation?

Problem 3.8.5 Suppose the formal Laplace transform is extended to
the group .%#; so that £ : F5 — 0 + R™((X)) : Foy — ¢5. Is Z5 a
group isomorphism? Explain.
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[68, 69, 71, 72, 74], primarily in the context of nonlinear realization the-
ory. The foundation of Fliess’s theory rests on the pioneering work by
K.-T. Chen on iterated path integrals [31, 32, 33, 34, 35, 36, 37, 38, 40,
41, 42, 43] (see also [192]). The work of Sussmann in [184, 185, 186, 187]
addressed important issues related to the convergence of Chen-Fliess
series and introduced a formal product representation of a Fliess opera-
tor. Many subsequent enhancements and applications were introduced
by Jakubcezyk in [117, 118, 119, 120, 121, 122] and by Sontag and Wang
in [180, 182, 200, 201, 202, 203] The Ph.D. dissertation of Wang [199]
provides an excellent introduction to the subject.

Section 3.2 In the classical analysis of Fliess operators, it was nor-
mally assumed that the set of admissible inputs was L2 [0, T'] for some
T > 0 [69, 72, 74, 117, 119, 184]. In later applications of this the-
ory, however, it was more natural to consider other classes of inputs,
for example, Ly inputs [93, 170, 171]. This motivated the develop-
ment of Theorem 3.1, which first appeared in [95]. The proof given
here, however, is an improvement over the original in the sense that
the region of convergence is less conservative. The primary innovation
in this regard is Lemma 3.1, first proposed by Duffaut Espinosa in
[54]. Wang provides in [199, Section 2.3] a detailed treatment of input-
output properties of Fliess operators. Theorems 3.3, 3.4, 3.5, 3.6, and
3.7 are all based on this work. The uniqueness of the generating se-
ries, Theorem 3.5, was originally addressed in [69, 70, 73, 200]. See
also Isidori’s book [113, Chapter 3, Lemma 1.2]. Weierstrass’s exam-
ple concerning absolute continuity and Theorem 3.3 are covered in
Chapter 11 of [191].

Section 3.3 The main results of this section, Theorems 3.8 and 3.9,
have appeared in a number of special cases starting with the the orig-
inal papers of Fliess, for example, [69]. Here the case where s = 0 and
p = oo was presented, primary in the context of rational series. The
condition on p was relaxed to p > 1 by Gray and Wang in [95]. The

Edition 1.2, Copyright (© 2022 by W. Steven Gray



Bibliographic Notes 233

condition on the Gevrey order was generalized by Winter Arboleda et
al. to 0 < s < 1 in [206] (see also [205]).

Section 3.4 Volterra operators is a classical subject originating with
V. Volterra in the latter part of the 19th century [197, 198]. As ex-
plained, for example, in [74], a variety of different approaches has been
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framework for computing the feedback product in the single-input,
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in the original approach. The group appearing in Theorem 3.27 and
the feedback product in Theorem 3.28 follows the multivariable treat-
ment presented in [86]. Lemma 3.6 and Theorem 3.29 also appeared
in [86] as the multivariable extension of the SISO versions in [76]. A
purely combinatorial treatment of the output feedback Hopf algebra is
presented in [53] from a pre-Lie point of view. Theorem 3.30 is adapted
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gent case. This deficiency was later addressed in [96], though to date a
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presentation in [140, 141]. Finally, Example 3.51 was adapted from
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4. Rational Series and Linear Representations

In Chapter 1 a series ¢ € R((X)) was said to be rational if it as-
sumes either the form ba~! or ba~'z;, where i # 0 and, a and b are
polynomials in zg. The series a~! is the inverse of a in the sense that
aa~' = a~'a = 1, but thus far no general representation of a~' has
been developed. In this chapter, the notion of rationality is generalized
to its fullest extent. It relies on the availability of four rational oper-
ations defined on R((X)): addition, scalar multiplication, the Cauchy
product, and inversion. Then the issue of determining when a series
has a linear representation is addressed. Such series are said to be rec-
ognizable. A fundamental result in this area is Schiitzenberger’s Repre-
sentation Theorem, which states that a series is rational if and only if
it is recognizable. Next, a Hankel matrix characterization of rationality
is given. This turns out to be useful for characterizing the minimal-
1ty of linear representations. It also has a canonical factorization that
will be used in Chapter 6 to describe state space realizations of Fliess
operators with rational generating series. Finally, the shuffle product
and the composition product are considered on the set of rational se-
ries. It is shown that the shuffle product preserves rationality, while
the composition product does not unless certain conditions are met. In
addition, it is shown that the feedback product also does not preserve
rationality.

4.1 Rational Series
Consider a fixed alphabet X = {xg,z1,..., 2} A series ¢ € R{(X))
is called Cauchy invertible or simply invertible (in this chapter) if there

exists a series ¢~ € R{(X)) such that cc™! = ¢lc = 1. In the event
that ¢ is not proper, it is always possible to write

c=(c,0)(1 -,
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where (¢, () is nonzero, and ¢ € R((X)) is proper. It then follows that
1
-1

_ )= e
¢ _(C,[Z))(l ) (C,@)( )7
where -
(C/)* — Z(Cl)z
1=0

(see Example 2.13). In fact, c¢ is invertible if and only if ¢ is not proper
(see Problem 4.1.1). Now let S be a subalgebra of the R-algebra R((X))
with the Cauchy product. S is said to be rationally closed when every
invertible ¢ € S has ¢! € S (or equivalently, every proper ¢ € S
has (¢)* € S). The rational closure of any subset E C R({(X)) is the
smallest rationally closed subalgebra of R((X)) containing E.

Definition 4.1 A series ¢ € R((X)) is rational if it belongs to the
rational closure of R(X).

Thus, a given rational series can be obtained from a finite set of poly-
nomials by performing a finite number of additions, scalar products,
Cauchy products, and inversions (or star operations), the so called
rational operations.

Example 4.1 Suppose X = {zg,z1} and E = {xg,1 + zox1}. Then
the rational closure of E contains elements like: g, 1 + zoz1, (1 +
xoxl)_l, 1, zox1, x%xl, 2($0—|—£C(2)l’1), 34+xo+xoTiT0, :L“o(l—i—xoxl)_l,. -

but not, for example, xg + x1 or J:% 0

Example 4.2 Suppose X = {z}, {a;}ien, is a sequence of real num-

bers, and
oo
i
c= g o;xt.
=0

If a; = o' for every i € Ny and some o € R then the series c is clearly
rational because ¢ = (1 — az)~!. On the other hand, when o; = a'/i!,
the series

i=0
is not rational since it is not the result of applying a finite number of
rational operations to any finite set of polynomials in R(X). 0

Edition 1.2, Copyright (© 2022 by W. Steven Gray



4.1 Rational Series 239

Let R((X))"*" denote the set of n x n matrices with components
from R{(X)). Convergence in R{(X))"*" is defined componentwise us-
ing the ultrametric dist on R({X)), that is, if A,B € R{{X))"*" then
dist(A, B) := max; ; dist(a;j, bij). A matrix C € R{(X))"*" is called
proper when every component c;; is proper. Similar to the scalar case,
one can verify that C* is well defined if C is proper (see Problem 4.1.4).
The following lemma describes more precisely the nature of the compo-
nents of C*. This characterization will be employed shortly to describe
the relationship between rational and recognizable series.

Lemma 4.1 If C € R((X))"™" is proper then

=0

has components in the rational closure of the components of C.

Proof: The proof is by induction on n. The result is immediate when
n = 1. So select some n > 1 and assume the lemma holds up to
this fixed value. Analogous to the scalar case, it is easily verified that
C* e ROHDX("+1) 5 the unique solution to the matrix equations

(In+1 - C)C* = In+1a C*(InJrl - C) = In+1,

where Ip,41 is an (n+ 1) x (n+ 1) identity matrix (see Problem 4.1.5).
Consequently,

C* = I41 + CC* = I, 1 + C*C. (4.1)

Now partition the rows and columns of the matrix C in the following
manner:

n 1
C[cg cg} !

It can be verified by direct substitution into (4.1) that

. [ A oo
= [ C3CsAT A | (4.2)
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where Ay = C; + C4C5C3 and Ay = Cy 4+ C3CjCy (see Prob-
lem 4.1.6). Since the lemma is assumed to hold for matrices of di-
mension n or less, all the components of C] and C3 are in the rational
closure of the components of C. The same is obviously true for the
components of A} and A3, and thus for all the components of C*.
Hence, by induction, the lemma is true for all n > 1. [ ]

4.2 Recognizable Series

As discussed in Section 2.1, the collection of R-linear mappings on
the vector space R", represented by the set of matrices R™*", forms a
monoid under matrix multiplication. The following definition utilizes
this fact to describe the central notion behind recognizability of a
formal power series.

Definition 4.2 A linear representation of a series ¢ € R{(X)) is
any triple (u,~,\), where

H . X* — RTLXTL
is a monoid homomorphism, and v, \I € R™*! are such that

(c;m) = Au(n)v, vn € X
The integer n > 1 is the dimension of the representation.

Definition 4.3 A series ¢ € R((X)) is called recognizable if it has
a linear representation.

Given any linear representation (u,7, \) of ¢, the homomorphism g

is uniquely specified by its image on X = {z¢, z1,..., 2z}, specifically
by the set of matrices N = {Ny, N1, ..., Ny}, where N; = u(x;), i =
0,1,...,m (see Problem 2.1.3). In which case, ¢ can be written in the
form
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Given one linear representation for ¢, it is trivial to produce another
representation of the same dimension. The set of all nonsingular ma-
trices in R™*" defines the general linear group GL, (R). This group
acts as a transformation group on the set of n dimensional linear rep-
resentations via the mapping

Ar s (i, 7, A) = (g, 35 A),
where py is the monoid homomorphism specified by the set of matrices
N, and . B
N; =TNT Y A4 =Try, X=\T"1.

Clearly (j5,7%,A) is another representation of c. Since there are un-
countable infinitely many such 7" in GL,(R), the set of linear repre-
sentations of ¢ has the same cardinality. In fact, the action A does
not account for all possible representations of ¢ since representations
of different dimensions can also exist (see Problem 4.4.6).

Example 4.3 Suppose X = {z¢} and ¢ € R[[X)]] is recognizable with
representation (g4, zo,C) and A = p(z). Using the homomorphism

p: X" =N
= n|
described in Example 2.3, the mapping

patn) = A7

is a homomorphism of X* into R™*". Therefore, the series ¢ can be
written in the form

c= Z (CAPM 2) = Z(C’Aizo) )
neX* i=0

== C(A{L‘())*ZO

O

A central question is how to determine when a given series is recog-
nizable. Ultimately, this will be answered via three different methods,
each of which provides some insight into the nature of recognizable
series. But first a necessary condition for recognizability is presented.
In applications, it can be useful for quickly determining if a specific
series has any hope of being recognizable.
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Theorem 4.1 If c € R((X)) is recognizable, then c is globally conver-
gent with Gevrey order s* = 0.

Proof: Since c is recognizable, its coefficients can be written in the
form
(e, iy - x4y) = AN;y, -+« Ny y.

Assuming ¢ # 0, otherwise the problem is trivial, define the positive
constants K = ||A|| [|v|| and M = max; || N;||, where ||-|| when applied
to a matrix denotes the induced matrix norm. For any k& > 0, it follows
from the Cauchy-Schwarz inequality that

(e, iy, -~ @iy )| = [ANG,, -+ Ny
<A Nz, - Nyl
<A NG, === Nag || {1yl
S AN [ 1NGy vl
< K M*.

Thus, if a series ¢ is recognizable, its coefficients can have at most a
geometric growth rate. The following property provides the first neces-
sary and sufficient test for recognizability. The subsequent two sections
provide alternative characterizations of recognizability in terms of ra-
tionality and the Hankel mapping of c.

Definition 4.4 A subset V C R({X)) is called stable when ¢~'(c) €
V forallceV and £ € X*.

Theorem 4.2 A series ¢ € R((X)) is recognizable if and only if there
exists a stable finite dimensional R-vector subspace of R({X)) contain-
mg c.

Proof: Suppose c is recognizable. Then there exists a linear represen-
tation (u,~y, A) of finite dimension n such that

(¢;n) = Au(n)y, Vn € X"

Define the set of series {¢;}7_; in R((X)) by

(€i,n) = [umli, i=1,...,n,
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where [v]; denotes the i-th component of vector v € R™. Let V' be the
R-vector subspace of R((X)) defined by the span of {¢;}I" ;. Observe
that for any n € X*,

(c;m) = Au(n Z)\ Ml =Y Xil@,n)
=1

and thus,

c= > (emn=>_ (ixm, >

nex* nex* =1
n n

= E i E (Ei>77)77 = E NiGi.
i=1 neX* i=1

Hence, ¢ € V. Now select any ¢ € V. Clearly, there exists real numbers
{A\i}™, such that

Consequently, for any £ € X*

&N =D (@imm="Y_ QulEnnn

nex* nex*

= (Au©um)y)n

nex*

= ) @il

neX* i=1

= Z[S‘M(g)]zéz

So £€71(¢) € V, and this proves the theorem in one direction.

Now conversely, let V' be a stable n-dimensional R-vector subspace
of R((X)) containing c. Let {¢;}]",; be any basis for V. Then it is
possible to write
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c= Z NiCi (4.4)
i=1
for some \; € R, i =1,...,n. Since V is stable, it follows that z~1(¢;) €

V for every letter x € X and every ¢ = 1,2,...,n. Thus, it is also

possible to write
n

w7 @) =) [w(@))ise,

Jj=1

where [pu(z)];; € R, i,j = 1,...,n. This clearly defines a mapping
1 X — R™" Furthermore, this mapping can be uniquely extended
in the usual manner to a monoid homomorphism p : X* — R™*" i.e.,

”('Zikxikfl o 'xi1) = :U’(xik)/l(xikfl) T M(xil) (4'5)

(see Problem 2.1.3). It is now shown inductively on the length of an
arbitrary n € X* that

nHE) = [ulm)]iye. (4.6)
j=1

The empty word case is trivial, and the case where n € X was estab-
lished above. Suppose that up to some fixed & > 1 the identity (4.6)
holds for every n € X*. Then for any = € X it follows that

(n2) (i) = 2~ (™} (@)
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Hence, equation (4.6) holds for all n € X**1 and thus for every word
in X*. Now define v € R™*! componentwise by v; = (¢,0). Observe
that for any n € X*

and thus, from equation (4.4),

n

() =3 @)

i=1

So c¢ is recognizable. [ |

Example 4.4 Suppose p € R(X) where X = {zg,x1,...,2m}. Let
Vp be the R-vector subspace of R(X) C R((X)), where p € V, if
deg(p) < deg(p). Clearly p € V,, and it is easily verified that dim(V},) =
Z?igo(p) (m+1)*. In addition, V,, is stable since £~1(p) < deg(p) for any
§ € X* and p € V). Thus, every polynomial p, which was already
known to be rational, is now also seen to be recognizable. O

Example 4.5 Suppose p € R(X) with (p,()) = 1. Then p~! = (p/)*,
where p = 1 — p. Since p’ is recognizable there exists a finite-
dimensional R-vector subspace V,, containing p’. Define a second sub-
space

V1 ={a+ppl:acR pe Vit

Clearly, p~! € V-1 since p~! =1+ p'p~!. The subspace V-1 is finite

dimensional since Vjy is. The stability of V-1 follows directly from
Lemma 2.1 using the fact that p is proper. Specifically, for any z € X:

A~

e Ha+pp )y =2 (pp )
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=z '+ (.0 (p )

="' P+ (3.0) 2 (PP

=z ')+ (3,02 (P )p
=[=7'®0) + 3.0 ()] p~!

But 27(p), 2~ (p') € Vy since p,p’ € V,y, and V, is stable. Thus,
e Ha+pp~') € V,-1, and therefore V,-1 is also stable (see Prob-
lem 4.2.1). Consequently, p~! is recognizable, in addition to being ra-
tional. In the next section, it is shown that being both rational and
recognizable is no coincidence. 0

4.3 Schiitzenberger’s Theorem

The following theorem is fundamental in the theory of rational series.

Theorem 4.3 (Schiitzenberger) A formal power series is rational if
and only if it is recognizable.

Proof: Suppose c is recognizable. Let (u,7, ) be any linear represen-
tation of ¢ of dimension n. Consider the proper matrix in R({X)"*":

C= Z w(x)x
reX

It follows from a defining property of homomorphisms (see equa-
tion (2.1)) and a modest generalization of the identity (char(X))! =
char(X?) (see Problem 2.4.6) that

c*:ici:i<zu(x)x>i

=0 reX
oo
=3 wmn=">_ nmn.
1=0 neXx? neXx*

Thus,

c= > (Au(n)y)n = AC*y.
nex*
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RGXD)

recognizable
series

rational
series
R(X)

Fig. 4.1. The initial set inclusions in the proof that all rational series are recog-
nizable.

From Lemma 4.1, every component of C* is in the rational closure of
the polynomials comprising C. Hence, c is rational.

It is next shown that all rational series are recognizable. In light of
the result just proven above and Example 4.4, the known set inclusions
are as shown in Figure 4.1. Observe it is only necessary to show that
the set of recognizable series is rationally closed, and thus, it can not
be smaller than the smallest rational closure of R(X), namely, the set
of rational series. Hence, the set of recognizable series is not a proper
subset of the set of rational series, as shown in the figure, but is in fact
equivalent to this set.

The set of recognizable series is rationally closed:

1. Suppose series ¢ and d are recognizable. Let V, and V; be any cor-
responding stable finite dimensional R-vector subspaces of R{(X))
as per Theorem 4.2. Then c¢—+d is in the inner sum V. +Vy, which is
also stable and a finite dimensional R-vector subspaces of R((X))
(see Problem 4.2.2). Hence, ¢ + d is recognizable. Closure under
the scalar product is shown similarly.

2. Suppose series ¢ and d are recognizable with V. and V; as defined
above. Define the subspace
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Veg={éd+d:¢eV,, de V.

V.q contains cd and is finite dimensional since both V. and Vj are.
Furthermore, as a direct consequence of Lemma 2.1, V.4 is stable
(see Problem 4.3.1). Thus, cd is recognizable.

3. Suppose c is recognizable and proper. Define the subspace

Ve ={a+éc":aeR, ¢V}

Again, ¢* € Vq«, and Vi« is a finite dimensional R-vector subspace
of R{(X)) since V, is. The stability of V.« follows from the same
type of argument as given in Example 4.5. Specifically, from the
identity ¢* = 1+ ¢c* and the assumption that (¢, () = 0, it follows
for any z € X that:

z Ha+éct) =z (ed)
=z 1@t + (&,0) 27 (")
=z 1e)e" + (&,0) 2 (ech)
=271 @e)c + (& 0z ()
= [33_1(6) + (¢, @)x_l(c)] c*

But z71(¢),z71(c) € V. since ¢,é € V., and V, is stable. Thus,
r7Ya + éc*) € Ver, and therefore, V- is stable.

4.4 Hankel Rank of a Rational Series

In this section, a characterization of a rational/recognizable series is
given via its Hankel mapping. The following definition generalizes the
more familiar notion introduced in Chapter 1.

Definition 4.5 For any ¢ € R{(X)), the R-linear mapping H. :
R(X) — R((X)) on the R-vector space R(X) uniquely specified by

(He(n), &) = (¢, €n), VE,ne X~

is called the Hankel mapping of c.
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Each R-vector space R(X) and R((X)) is clearly spanned by the set
of monomials {17},cx+. So the mapping H. : R(X) — R((X)) has
a matrix representation, whose (£,7) component is given by [H|¢,, =
(He(n), &) = (¢,€n) (see Problem 4.4.1). Its range space, H.(R(X)),
is a vector subspace of R((X)), but not necessarily finite dimensional.
Consider the following definition.

Definition 4.6 The Hankel rank of c € R((X)) is
pi1(€) = dim(H(R(X))).

Example 4.6 Suppose X = {z¢}. Given any ¢ € R((X)) and z{, mé €
X*, observe ' ' o
(Hc(scé),x%) = (c, x6+J)'

Thus, the linear mapping . has the matrix representation

which has the well known Hankel structure. As described in Section 1.1,
when the rank of this matrix is finite, there exists polynomials p,q €
R(X) so that ¢ = pg~!. Hence, the series c is rational. 0

The Hankel characterization of rationality for an arbitrary finite
alphabet is given below.

Theorem 4.4 A series ¢ € R{(X)) is rational if and only if its Hankel
rank, pg(c), is finite.

Proof: Suppose c is rational. Then from Theorems 4.2 and 4.3 there
exists a stable R-vector subspace V., C R((X)) containing ¢ with finite
dimension n. Let {¢;}!"_; be any basis for V. Since V is stable, for any
£ € X* there exists real numbers {ag;}i"; such that

f_l(c) = Z Qg i Ci.
=1

For each ¢;, associate the companion series
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€; = Z Qe g f .
fex

It is shown next that H.(R(X)) lies in the subspace of R({X)) spanned
by {e;}!" 1. Therefore, pr(c) < n < oo. Select any polynomial p =

> iz1(p,mj)n; and apply He:

Help) = ZHc(nj)(p, ;)

=3 (He(ny), € (0, m5)

j=1¢ex*

=> > (.)€ (p,my)
j=1¢ex*

=> > (€M), m)E (pymy)
j=1¢ex~

= Z Z [Z ag,j(%ﬁj)] € (pym;)
j=1¢cex* Li=1

=> 1D @) @my) | e
i=1 |j=1

Thus, the first half of the theorem is proved.

Now consider the converse claim. Suppose pp(c) is finite, say
pr(c) = n. The set of words {n;}*; in X*, which label the n linearly
independent columns of H., describe a basis {H.(n;) }1'_; for H(R(X)).
For each x € X, one can uniquely define a matrix p(z) € R"*" via the
system of equations

n

/Hc(xni) = Z[M(‘r)]]z Hc(nj)’ i=1,...,n, (47)

j=1

since H.(xn;) is the xn;-th column of the matrix H.. The mapping
1 X — R™™ can be uniquely extended to a monoid homomorphism
on X* via equation (4.5). (This part of the proof closely parallels the
proof of Theorem 4.2.) It is now shown inductively on word length
that for an arbitrary n € X*
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n

Helmi) =Y _[u(n)]jite(ny)- (4.8)

J=1

The claim is trivial if 1 is empty. Apply (4.7) for words of length one.
Suppose that up to some fixed k > 0 the identity (4.8) holds for every
n € X*. Then for any = € X and £ € X* observe that

(He(xmmi), &) = (e, Exnms)
( c(mmi), )

), §%)

MziM

()]s (He(2ni), €)

kz Z ]k 7]]) 5)

J=1

[1(2n)]ji(He(n)), €)-

=
Sl
—

W

I
M= T

<.
Il
—

Thus, equation (4.8) holds for every n € X*. Now since ¢ € H.(R(X))
(¢ = Hc(1)), there must exist scalars {~;}7, such that ¢ = 7" | viHc(n;).
Therefore, given any n € X* observe

n) = Z%(Hc(m), n) = Z%(c, )
= Z% (i), (Z) Z%Z ji HC(nj)v@)

i=1  j=1
= Au(n)%
where
A= [(He(m),0) (He(n2),0) -+ (Helmn), 0)]
= [(e;m) (e;m2) -+ ()]
=l
Thus, ¢ is recognizable, or equivalently, rational. "
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Example 4.7 Let X = {21} and consider the series ¢ =} ;- z¥. For

any p € R(X) and n € X* observe that

(Hc(p>v77) = Z (paé)(,Hc(f)J])

fe X~

= > ,8(e,nf).

cex+

Therefore,

or equivalently,

Thus, it follows that pg(c) = 1. It is easy to see that (Ny, A,y

(1,1,1) is a linear representation of ¢

Example 4.8 Suppose X = {xzg,z1}. Consider a linear series ¢

R((X)) with coefficients

(c,m) = CA*B; n:xlo“xl, k>0
" 0 . otherwise,

where (A, By, C) is the controllability canonical form of c:

A:[O ‘@’@)], Blz{l}, C=[(ea1) (caom)].

1 —(a,zo 0

€

This series is rational since it can be directly verified that ¢ = ba"ta;

with
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=1+ (a,z0)zo + (a, :c%)x%

a
b = (b, @) + (b, x()).%'o,

where (a,z}) = (@,25°") for i = 1,2, (b,0) = (c,21) and (b,x0) =
(¢, xox1) + (¢, x1)(a, o) (see Section 1.4 and Problem 4.4.3). The in-
ductive procedure used in the previous proof provides one way to syn-
thesize a linear representation of ¢, but surprisingly it is distinct from
the triple (p4, B1,C). That is, what one commonly calls a realization
for this linear series does not directly yield a linear representation of
c. The Hankel matrix for c¢ is

1] To T l’% Tox1 T1To x%
0 0 CBL 0 CAB, 0 0 ---7 0
0 0 CAB; O CA231 0 0 --- Zo
cB, 0 0 0 0 0 0 - 1
0 0 CA2B, 0 CA®B; 0 0 - x}
He=|cAaB, 0 0 0 0 0 0 - ToT1
o 0 o0 0 0 0 0 - 120
o 0 0 0 0 0 0 - 3
) ) )
m 2 73

If the polynomials b and @ share no common roots, then the columns

corresponding the words 1y = (), 79 = z1, and 73 = oy are linearly
independent, while all columns to the right of these columns lie in their
span. Thus, pg(c) = 3. According to equation (4.7) and employing the
Cayley-Hamilton Theorem,

He(zom) =0

He(zonz) = He(ns)

He(zons) = —(a,0)Hc(n2) — (@, z0)He(n3)
He(rim) = He(n2)

He(r1m2) =0

He(z1nz) = 0.

The corresponding homomorphism, py, is therefore uniquely specified
by N = {Noy, N1}, where
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ojo o 0/0 0
No=|0[0 —(@0) |, Ni=] 1[0 0
0|1 —(@ o) 0/0 0

The remaining portion of the linear representation follows from this
same construction to be

1

A:[O‘(c,wl) (c,xoxl)], =10
0

Clearly, the triple (A, By, () is imbedded in this representation. (See
Problem 4.4.4 for the most general case.) Note that H, given above is a
Hankel matrix for a series in two letters, while in contrast, the Hankel
matrix H,., employed in Chapter 1 (equation (1.27)), is a Hankel matrix
for a series in only one letter, namely the series bia;1 in xzg. 0

The link between rationality of a series and its Hankel mapping
can also be seen through a canonical factorization of the latter.!
Specifically, the finiteness of the Hankel rank implies the existence
of a factorization of H, = Q.P., where P, : R(X) — R(X) is an R-
vector space homomorphism whose range has dimensional pg(c), and
Q. : R(X) — R((X)) is an R-vector space isomorphism onto the range
of H.. To produce such a factorization, define the following equivalence
relation on R(X):

p~p = Hep) =H(p) = p—p €null(H,).

In which case, the canonical factorization induced by this relation
yields the desired mappings:

P R(X) = R(X)/ ~
Qc : R(X)/ ~— R({X))

(see Figure 4.2). The existence of the vector space isomorphism Q.
means that R(X)/ ~ is a pg(c) dimensional subspace of R(X). It is
also an R(X)-module under the product

x; - P.(p) :== P.(pz;), ;€ X, pe R(X) (4.9)

! See Section A.2 in Appendix A.
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He

Fig. 4.2. The canonical factorization of the Hankel mapping #. : R(X) — R({(X)).

(see Problem 4.4.2).

Next it is shown that this canonical factorization of H,. leads di-
rectly to an pp(c) dimensional representation of c¢. Set Z = R(X)/ ~
and define for each x; € X the R-linear map

X Z—>Z:zv— w2

Fix a basis for Z, and let NV; denote any matrix representation of X; in
this basis. Define row vector 7 to be P.(1) € Z written in terms of this
basis. Likewise, the column vector A is a representation of the R-linear
map Z — R :p— (Qc(2),0) in terms of this basis. Since ¢ = H.(1),
it follows that for any n = z;, xi, - -+ , 5, € X™

(Cv LiyTig = ?$ik) ( ( ) Liy Tig xlk)

= (He(wiy iy -+ w3,),0)

= (QcP (mu% ey, 0)

= (QcXiy Pe(@iywiy - iy, ), 0)

= (Q. X Xip Pe(iyxig -+ iy, ), 0)

k-1

= (QC(XilX%‘Z e 'XikPC(l))a 0)
- ANilNiz e lef%

and (¢, 0) = (He(1),0) = (Qc(Fe(1)),0) = Av.

A linear representation of ¢ is said to be minimal if there exists no
other linear representation of ¢ with a lower dimension. One advantage
of the Hankel matrix characterization of rationality is that it provides
the minimal dimension of its linear representations.
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Theorem 4.5 The minimal dimension of a linear representation of a
rational series ¢ € R((X)) is equivalent to its Hankel rank, pp(c).

Proof: Suppose ¢ has a linear representation of dimension n < pg(c).
Then its underlying maps X; are on a vector space Z of dimension n. In
which case, the linear maps Q). and P, in the canonical factorization of
‘H. have matrix representations with rank not exceeding n. Therefore,
rank(#H,.) = rank(Q.P.) < n < pg(c), which is a contradiction. ]

If (1,7v,A) is a minimal linear representation of ¢ then clearly so is
Ap(p,v,A) for any T € GL,(R). What is not so evident is whether
all the minimal linear representations of ¢ lie on an orbit of the action
A, namely O, 5 \)(A) = {Ar(i,7,A) : T € GLn(R)}. The following
theorem establishes this claim.

Theorem 4.6 Let (un,7v,A) and (pg,7,A), be two minimal linear
representations of a rational series ¢ € R{(X)). Then there ezists a

matriz T € GLy(R) such that (g, 5, A) = Ar(pun,v, A).

Proof: Since (u,7,\) and (f,7,A) are both minimal linear represen-
tations of the same series ¢, they have the same Hankel matrix H..
The canonical factorization H. = Q.P. depends only on the minimal
dimension pg(c) of the vector space Z = R(X)/ ~. As each linear
map X; : Z — Z : z+ x; -z is independently defined of any particular
minimal representation, any two matrix representations of it must be
related by similarity. As all such matrices in a given representation are
by assumption written in terms of the same basis for Z, ug = ppyr—
for some T' € GL,(R). Furthermore, since for every n € X*

>

()
Tun ()T~
N (1)

(Ca 77) =

I
> >

It follows that A = AT'~* and 4 = Ty, hence proving the theorem. m

Example 4.9 Example 4.7 can be generalized to an arbitrary alpha-
bet X = {xg,z1,...,2,} by considering the series ¢ = Znex* 7. As
before, for any p € R(X) and n € X* observe

(He(p)sm) = > (0:€)(e,m€)

feXx+

Edition 1.2, Copyright (© 2022 by W. Steven Gray



4.5 The Shuffle and Composition Products as Rational Operations 257

=Y 9,

fexx
and thus,

Hep)= > > (:&n

nexX* e X+

=c Y (p,9)

ceEX*

Therefore, pr(c) = 1. In this case, ¢ has a minimal linear representa-
tion N;=1,¢=0,1,...,mand A=~ = 1. 0

4.5 The Shuffle and Composition Products as Rational
Operations

It is possible that other binary operators on R((X)) may be rational
in the sense that they produce a rational series when their arguments
are rational series. The first theorem states that the shuffie product is
one such example.

Theorem 4.7 If ¢ and d are rational series in R{((X)), then cw d is
also a rational series in R{(X)).

Proof: In light of Theorems 4.2 and 4.3, let V. and V; be any stable
finite dimensional R-vector subspaces of R((X)) containing ¢ and d,
respectively. Let {¢;}¢, and {d;}!*; be any corresponding pair of bases
for V. and Vj. Define the subspace of R{(X)):

Vewa=span {¢;wd;:i=1,....n:; j=1,...,n4}.

Clearly V., 4 is a finite dimensional subspace of R((X)). Setting

c= iaiéi and d = Zdﬁjdj
i=1 =1

it follows that
Ne,Ng

cuwd= Z aiﬁjéima?j eVeid
i,j=1
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To see that V., 4 is stable, observe that for any x € X
l’_l(@' L CZJ) = l'_l(@') L Jj + ¢ w :L'_I(CZJ') (4.10)

for all i and j (see Theorem 2.5). Since V; and Vj are stable, it fol-
lows that 271(¢; wdj) € Ve d, and thus, V., 4 is stable (see Prob-
lem 4.2.3(c)). Hence, ¢ d is recognizable, and therefore rational. m

The following theorem gives a specific linear representation of the
shuffle product of two series.

Theorem 4.8 If ¢ € R((X)) has a linear representation (fic, Ve, Ac),
and d € R((X)) has representation ({14, Vd, A\d), then ¢ d has a linear
representation (i, e ® Yq, Ae ® Ag), where for each x; € X, p(x;) =
Mc(xz) & Ind + Inc & ,ud(xz)

Proof: For any fixed v € X* and using ideas from Example 2.19,
observe that

(C\_ud,l/) = Z (Can)(d7f)(77\—u§7V)

n,§EX*

= Z Actte(M)Ye Aatta(§)va (n ® &, sh*(v))
n,£e X*

= (Ae®@A) | D (peln) @ pa(€))(sh* (), n @ €) | (e @ 7a)-
n,§eEX*

The claim is now proved if it can be shown that

p(v) = > (ne(n) ® pa(©)(sh*(v),n @ ).

n,EX*

Tt is clear for v = () that

D (1e(n) ® 1a(€))(sh*(0), 1 @ &) = p1e(0) @ pa(0)

n{eX*
- Inc X Ind
= (D).

If v =a; € X, then

D (peln) ® pal))(sh* (z:),n ® &)

n,EEX™
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= Y (keln) @ pa() (i ® 1+ 1@ z,m @ E)
n,LeX*

= ,U/c(xi) & Ind + Inc ® Md<mi)
= pu(x;).

Now assume the identity holds for words up to length k > 0, and let
v € X*. Given any x; € X observe that

> (pe(n) ® pa(©)(sh* (@), n © &)

n,EEX™

= D (ue(n) ® pa(€))(sh* (zi)sh*(v),n © €)

n,EEX*

= 3 (eln) ® pa(©) (@ © 1+ 1 © 2)sh*(v), @ €)
n,§eX*

= > (pe(n) ® pa(§))(sh*(v), 277 () @ )+

n,EEX*

D (peln) @ pa(©)(sh* (v), n @z ()

n,§EX*

= Y (uelwin) @ pa())(sh*(v),n ® £)+

n,§EX*

> (ne(n) ® pa(w:i€))(sh* (1), n @ €)

n,§EX*

= > (ne(xiue(n) © pa(€))(sh*(v),n ® &)+

n,Ee X*
D (ne(n) @ pa(wi)pa(€))(sh* (v), n ® &)
n,£eX*
= (ke(@i) ® I, + In, ® palzi))pu(v)
pxi)pu(v)
pwziv),
where the induction hypothesis was employed in the third to the last

step. Thus, the identity holds for all v € X™*, and the theorem is proved.
|

Example 4.10 Let Xy = {20} and consider two series ¢,d € R[[X]]
with linear representations
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(c, a:’é) = CCAIC“ZC, (d, :1;]5) = CdAljzd, k> 0.

It was shown in Example 3.13 that ¢ w d has the linear representation
(Ac® Ay, C. @ Cy, zc ® zg). In the context of the previous theorem,

M(.CU(]) = (Ac & Ind) + (Inp ® Ad) = Ac S¥ Ada

so that p(zk) = (A. @ Ag)k, k > 0. O

Example 4.11 Suppose X = {xo,z1}. Consider two rational linear
series ¢,d € R((X)) with linear representations coming from linear
state space realizations (4., B., C.) and (Ag, Bg, Cq), respectively, as
in Example 4.8. In which case, ¢ d has the linear representation

0 0 0 O
/J'(xO)__O Ac:|®Ind+Inc®|:0 Ad:|
[0 0 0 0
,U/(xl)__BC O:|®Ind+lnc®|:Bd 0:|
1 1
V= 0}@[0}, A=[0 C.|l®[0 Cq].

O

Next consider the composition product. The following example re-
veals that the composition product is not in general a rational opera-
tion. This has important consequences in system theory as it implies
that a cascade of two rational systems (i.e., systems with rational gen-
erating series) do not always produce another rational system.

Example 4.12 Suppose X = {xg,x1} and consider the rational series
¢ = (1 —x1)"! = 1. The claim is that ¢ composed with itself is not
rational. The main goal is to show that

(coc,aforkt) = (ko)*, ko >0, ki >0,

or equivalently,
(z7" x5 0 (coe), D) = (ko)*r. (4.11)

The claim is trivial when kg = k1 = 0 provided that 0° := 1. If kg = 1
and ki = 0, observe that
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zy (coe) =ay (c)oc+ cuw (27 (c) oc)

—— ——
0 c
=cuw(coc).

The intermediate claim then is that
zgM(coc) =cPRo i (coc), ko> 1.

If the identity above holds up to some fixed kg > 1 then

2" N coe) = ap (¢ w(coc))

=25 (R Wi (coe) + e R wagt(coc)

= |koe™ ko=1) x5 (e) | w(coc)+
——

¢k (cw(coc))

=kt | (coe).

(The identities in Problem 2.4.5(h) and 2.7.7(f) were employed above.)
Hence, the intermediate identity in question holds for kg > 0. Next
observe that

ek (coe) = a7l (e R (co )

=z e R) w(coe) + e R aT (o)
0

= ke (ho=1) | z7(c) wcoc)
~———

¢
= koc ™R L (coc).
The second intermediate claim is that
oM™ (e o ¢) = (ko) 1e (o o).
If this is the case up to some fixed k1 > 1 then
27 ¥ 2™ (co ¢) = (ko) e M L (c o o))

:<mﬁ{m*@w%wgwo@+

cHko :Ull(coc)]
0
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= (ko)* [7@00 koL (co C)]

= (ko)F1 ek L (coc).

Hence, this claim holds for all ki, kg > 0. To validate (4.11), simply
compare the constant coefficients in the above identity:

(z7 g™ (coc),0) = (ko)™ 0w (coc),0)

(coc,zgoalt) = (ko)™.
Setting kg = k1 yields the expression
(coc,zfah) =k k>0, (4.12)

The key observation is that these coefficients are growing faster than
any sequence of coefficients from a rational series can possibly grow.
Specifically, from Theorem 4.1 it is known that every rational series
has coefficients satisfying a growth rate with Gevrey order s = 0. But
k*. k > 0is clearly growing faster than this. So coc can not be rational.
(See Problem 4.5.6 for additional analysis of this example.) 0

There are special conditions under which the composition of two
rational series is again rational. The following definition provides one
such condition.

Definition 4.7 A series ¢ € R{(X)) is limited relative to x; if
there exists an integer N; > 0 such that

max |9y, <N;.
nesupp(c)

If ¢ is limited relative to x; for every i = 1,...,m then c is input-
limited. In such cases, let N, := max; N;.

Clearly any linear series ¢ has this property (see Example 2.33),
specifically N, = 1, while the series ¢ given in Example 4.12 does
not. The following theorem states that the input-limited property is
a sufficient condition for preserving rationality under composition. It
is easily shown by counterexample that this condition is not necessary
(see Problem 4.5.4). Here a series d € R™((X)) is said to be rational
when each component series d;, ¢ = 1,2,...,m is rational.
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Theorem 4.9 Let ¢ € R((X)) and d € R™((X)) be two rational se-
ries. If ¢ is input-limited then cod € R{(X)) is rational.

The proof of this theorem relies on the following lemma which
uses an operator monoid reminiscent of the algebra homomorphisms
1 and ¢ utilized in Chapters 2 and 3. Note that the shuffle product
on R((X)) x R™"™((X)) is defined componentwise.

Lemma 4.2 Let ¢ € R((X)) be a rational series with a linear repre-
sentation (p,7y,\). Let N; := p(z;) € R™*" i =0,1,...,m. Then for
any d € R™((X)) it follows that

cod= Z AWn((N0$O)*)%

T]Ef(*

where X := {x1,x0,..., 2y}, and the set of operators {¥, :ne X*}
s the monoid under operator composition involving the following op-
erators

Wxi : Rnxn<<X>> — Rnxn<<x>> E— xo(Nowo)*Nz(dl L E)
with ¥y equivalent to the identity map on R™"™((X)).
Proof: Observe from the definition of the composition product that

cod=3T 3T Y NN N NN

=011,...,ixg=1ng,...,nE=0

A A ni .. no
(330 J%kffo %_1"'1’0 Ty 70°) o d

(o] m (o]
Y NS NN N NN, AR

k=011,...,ig=1no,...,np=0
ne+1 ne_1+1 n1+1
xo’“ |:dzk L |:.CI}0 |:dik,1 L l‘ol [dh [ xo ] N .

From the bilinearity and continuity of the shuffle product (in the ul-
trametric sense), it follows that

[e's} m 00
cod= Z Z )\iL'o Z (No.%‘g)nk le dlk L
k=0 il,...,ik::l nk:0
00
Zo Z (Noxo)m%l Nik—1 dik_1 s
ng—1=0
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To (i (Noxo)nl> Ni1 [du L (i (NO.QI())”O)] .. ]]] y
n1=0 no=0

00 m
= Z Z )\:Eo(Nol‘[))*Nik [dzk L [SUO(NOQSO)*Nik,l [dik71 L
k=011,...,1=1

zo(Nowo) " Niy [diy 1o (Nowo)™] -+ ]]] 7

Finally, applying the definition of ¥,

cod=Y" > M, W, %, (Nozo))y

k=0 Ty ey eXk

= Z A, ((Nozo) ™),

neX*
and the lemma is proved. [ |

Proof of Theorem 4.9: Since c is input-limited, it follows from Lemma 4.2
that

Ne
cod= Z Z A, ((Noxo)™)y-

k=0 pexk

Clearly each operator ¥, is mapping a rational series to another ra-
tional series as it involves only a finite number of rational operations.
Therefore, for any integer k& > 0 the formal power series

Z Ay ((Nozo)™ )y

neXk

is again rational since the summation is finite. Thus, ¢ o d must be
rational. u

Example 4.13 Let X = {xg,21} and consider two rational linear
series ¢, d € R((X)) with linear representations as in Example 4.11. In
light of the linearity of the series and Theorem 4.9, ¢ o d must also be
rational. Specifically, for any k& > 0 observe

Ea
—_

(cod, x’ém) = (c, xlg_l_jxl)(dv xéxl)

1
o
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kol
—

(C.AR=1=I B)(Cy A% By)

<.
Il
o

k—1
Co | Y AFIB.C4A% | By
=0

iy
B A. B.Cy 0
_[cco][o ¢ [Bd].

Thus, a linear representation for c o d is immediately evident. O

It is noted in closing that the input-limited condition does not apply
to the feedback product. That is, if ¢ and d are rational with ¢ input-
limited, it is not the case that ¢@d is necessarily rational.

Example 4.14 Suppose ¢ = 1 + x1x(, which is clearly input-limited
and rational. Consider the system F. in a feedback interconnection
with itself. It can be readily checked that cQc and cQd satisfy the
same fixed point equation, and thus are equivalent series. Now define
e = c@d|,, 0 in R[[Xp]]. This corresponds to the generating series for
the self-excited unity feedback system, and in this case the fixed point
equation reduces to

e=(l+mzaj)oe
o e}
:1+Zx1x§oe:1+2mo(emx§)
k=0 k=0

=14 zo(ewxp).
Since 75! (e) = ew xf and (e, () = 1, it follows that y = F,[0] satisfied
the differential equation
y(t) =y(t)e, y(0)=1,
which has the solution
y(t) =1, t>0. (4.13)

Therefore, the coefficients of (cQc,zk) = (e,zf) correspond to the
Bell numbers, which first appear in Example 3.8 and are known to be
growing at a rate faster than Gevrey order s = 0. Hence, in light of
Theorem 4.1, c@c¢ can not be rational. 0
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Problems

Section 4.1

Problem 4.1.1 Let ¢ € R{(X)).

(a) Prove c is Cauchy invertible if and only if it is not proper.
(b) Show that if ¢ is Cauchy invertible, then the inverse is unique.

Problem 4.1.2 Compute the Cauchy inverse of each of the following
series in R((X)) assuming X = {xg,z1}.

(a) c=x0+ 21
(b) c=1+ zox;
(¢) c=14z0+ x1 + 2021 + 2% + 202F + 25 + T2 + 2] + -+

Problem 4.1.3 Show that (char(X))* = char(X™).
Remark: See Problems 2.4.6 and 4.5.2.

Problem 4.1.4 Consider the mapping dist(A, B) = max;; dist(a;;, bsj),
where (A,B) € R((X))"*".
(a) Verify that dist is an ultrametric on R({X))"*".

(b) Show that if C € R{(X))"*" is proper then C* is well defined.
(c) Is the converse of the statement in (b) true? Explain.

Problem 4.1.5 Show that the matrix C* defined in Lemma 4.1 is
the unique solution to the matrix equations (I, — C)C* = I,, and
C*(I,—C) =1I,.

Problem 4.1.6 Verify the expression for C* in equation (4.2). The
following identities are useful: C7CyA; = AJC4C5 and C5C3A] =
A5C3CF.

Remark: A1 and As are related to the Schur complements found in
block matrix inversion formulas.

Section 4.2

Problem 4.2.1 Show that a subset V' C R((X)) is stable if and only
ifr71(c)eViforallceV and v € X.
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Problem 4.2.2 Let V. and V; be two stable subsets in R((X)). Their
inner sumis Vo + Vg :={¢+d e R((X)): ¢ € V., d € Vg}.

(a) Show that if V. and Vj are stable then so is V. + V.
(b) Likewise, show that if V. and Vj are finite dimensional R-vector
subspaces of R((X)) then the same is true of V. + V.

Problem 4.2.3 Suppose V is a finite dimensional R-vector subspace
of R((X)).

(a) Show that if V' is stable then every series in V' is rational, and in
particular, every series in any given basis for V is rational. Is the
converse true?

(b) A specific series ¢ in V is said to be stable with respect to V if
¢ 1(c) € V for all £ € X*. Show that each series ¢; in a given basis
{¢;}I_, for V is stable with respect to V' if and only if V' is stable.

(c) Let {¢;}", be a basis for V. Show that 271(¢;) € V for all z € X
and ¢ =1,2,...,n if and only if V is stable.

Section 4.3

Problem 4.3.1 Let ¢,d € R((X)). Show that if V. and Vj; are stable
subspaces of R{(X)) then so is

Vg={¢d+d:¢eV,, deVy}

Section 4.4

Problem 4.4.1 For any ¢ € R((X)) and p € R(X), show that
(2) He(p) = > (cvm)(pm)v

vneX*
(b) € (He(p)) = He-1(0(p), € € X*.

Problem 4.4.2 In Section 2.2, it was stated that the set of series
R((X)) forms an R(X)-module, where the product of a polynomial and
a series is defined via the Cauchy product. Equation (4.9) introduces
another R(X)-module on R((X)), which is more natural for extracting
representations of a series ¢ from its Hankel mapping, H..

(a) Completely describe this new R(X)-module on R((X)).
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(b) Contrast the definition in part (a) to that for the R(X)-module
defined on R((X)) by the Cauchy product.

Problem 4.4.3 Verify the rational factorization of ¢ given in Exam-
ple 4.8 by:

(a) Computing H(s) = C(sI — A)~!B; and then applying (1.8).
(b) Computing the first two coefficients of the linear series ba 'z =
2z hizg @1,

Problem 4.4.4 Let X = {xo,21}. Consider the series ¢ € R{(X))
with coefficients

CAFB; n= x’éxl, k>0
(e,n) =3 CAF2 : n=ak k>0
0 : otherwise,

where (A, By, C) is an n-dimensional linear state space realization in
controllability canonical form and zy € R" is arbitrary.

(a) Show that c is a rational series.

(b) Derive a linear representation of ¢ when n = 2 by choosing the
same basis columns indexed by 71, 12, and 73 from the Hankel
matrix H. as in Example 4.8.

(c) Is this representation of ¢ minimal ? Explain.

(d) Show that the change of state space coordinates

1 0 0
T=1|z201 1 0
Z202 0 1

(that is, N; = TN;T~', 5 = T~ and A = AT"!) applied to the
representation found in part (b) produces the linear representation

of c:
0jo 0 0[0 0
No=1|0[0 —(a®) |, My=]|1][0 0
01 —(a,xo) 010 0
1

A= [ 0 ‘ (c,z1) (c,x071) }, ~vy= 1| zo
202
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Problem 4.4.5 Consider the linear representation

e [3 3Jwe[2 2 e oo 2]

(a) Compute the corresponding rational series c.

(b) Verify that c is rational without using the fact that it has a linear
representation.

(c) Determine whether the given linear representation of ¢ is minimal.

Remark: See Problem 1.4.2.

Problem 4.4.6 Give a specific example of a rational series ¢ € R{(X))
and two corresponding representations, one which is minimal and the
other which is not.

Problem 4.4.7 Provide an example, if possible, for each scenario de-
scribed below. If no such example exists, give a justification.

(a) A series ¢ which is linear but not rational.

(b) A series d which is rational but not linear.

(c¢) A series e which is both rational and linear.

(d) A series f which is rational but not globally convergent.
(e) A series g which is globally convergent but not rational.

Section 4.5

Problem 4.5.1 Show that the shuffle inverse as defined in Prob-
lem 2.4.11 is not a rational operation.
Remark: See Problem 3.5.4.

Problem 4.5.2 Let X = {xg,z;}. Verify the following identities:
() (27)F = (kzi)", k=1
(b) xjwz] = char(X™)
(c) (zox1)* w (~wox1)" = (—4agai)”
(d) xo(2] w(zo(a] wl))) = zoxizo(221)"
(€) @o(a1 w (zo(2y w -+ (zo(z7 w 1)) ---)))

= xoxiro(221)* - - xo(kxy)”.

The series x] appears k times on the left-hand side of the last equation.

Problem 4.5.3 Consider a linear series ¢ = xjz1.
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(a) Verify that cc # c2.
(b) Show that supp(cwc) = supp(c?).

Problem 4.5.4 Provide an example of two rational series ¢ and d
where ¢ is not input-limited, but c o d is still rational.
Remark: See Lemma 2.5.

Problem 4.5.5 Let X = {z¢,z1}. Show that the case where ¢ =
(1 —x1)"! = 27 and d = z1 provides an example where the right
argument of the composition product is input-limited but rationality
is not preserved.

Remark: See Problem 3.6.4.

Problem 4.5.6 In this problem, the analysis of the series co ¢, where
c=(1—z1)"t = (z1)*, presented in Example 4.12 is expanded.

(a) Establish the identity

(coc agaft - -ag " ay') = (ko) (ko + k2)* -

(ko + kp + -+ + k1) (4.14)

for all odd I > 1 and k; > 0,7 =0,1,...,1. (Assume 0° := 1.)
(b) Using the solution from part (a) verify that:

(coc,zplmay my - xy’ 'z12y’) = no(no +n1) - -

(no+n1+---+nj_1)

(CO c, xgﬂoxomgnl .. l,ox’ink) — Om01m12m2 . kmk

forall j >0andn; >0,7=0,1,...,7; and all £ > 0 and m; > 0,
i=0,1,... k.
(c) Using a result from part (b), show that

(o]
coc=1+ Z zox1To(221)" - - wo (kw1)"
k=1

(d) Demonstrate that the identity above can also be written in the

form
o0

coc= !Ilm;f(l), (4.15)
k=0
where the operator ¥ : R{(X)) — R((X)) is defined by applying
the following operator k times
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V., (e) = zo(x] we)
when k£ > 1 and (1) = 1.

Problem 4.5.7 Suppose ¢ and d are two globally convergent series,
not necessarily rational, where ¢ is input-limited. Is this latter con-
dition sufficient to guarantee that c o d is also globally convergent?
Provide either a proof or a counterexample.

Problem 4.5.8 For any ¢,d € R((X)) define the Hadamard product
to be

cod="Y"(c,n)(dn)n.

nex*

(a) Show that the Hadamard product preserves rationality.

(b) Show that the projection operator Py : R((X)) — R[[Xo]] : ¢ —
cp = ¢ ® xy preserves rationality.

(c) Prove that cQd is rational only if (cQd)y := Py(cQd) is rational.
Specifically, there must exist a linear representation (Ao, No, o)
such that (cQd)g = ;0 MoNEY0, or equivalently, F.ag[0](t) =
)\0 eXp(Not)’}/(), t> to. a

Bibliographic Notes

Section 4.1 The theory of rational and recognizable formal power
series was initiated by Schiitzenberger in the context of automata the-
ory in [174, 175, 176]. His treatment was largely inspired by the work
of Kleene in [131], who provided the central algebraic framework for
automata theory. Lemma 4.1, which is used in Section 4.3 to prove
Schiitzenberger’s Theorem, appeared in the book by Conway on Kleene
algebras [46]. A general introduction to rational series is the concise
monograph by Berstel and Reutenauer [8] and the book by Salomaa
and Soittola [169].

Section 4.2 There are several equivalent ways to define a linear
representation of a formal power series. The original approach of
Schiitzenberger in [174] involves the matrix trace operator. The one
employed in this chapter is due to Fliess [61, 69]. System theorists will
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likely prefer this approach as it is closer in flavor to concepts from lin-
ear system theory like Markov parameters [125]. Theorem 4.1 appears
in [95]. Theorem 4.2 is given in the Ph.D. dissertation of Jacob [115].

Section 4.3 Schiitzenberger’s Theorem (Theorem 4.3) first appeared
in [174]. The proof provided here follows that given in [8], which in
part comes from [46] (i.e, Lemma 4.1).

Section 4.4

The Hankel rank condition for rationality /recognizability given in
Theorem 4.4 is due to Fliess [61] and Isidori [112]. See also Chapter 3
of Isidori’s book [113] for another treatment of the subject. The proof
given here was adapted from that given in [169]. The description of
the canonical factorization of the Hankel matrix follows the approach
in [113]. Minimality of linear representations of a generating series is
equivalent to the notion of minimality for bilinear state space real-
izations whose corresponding Chen-Fliess series share such generating
series (see Chapter 6). The latter topic has been pursued by a number
of different authors. For a treatment based solely on formal power series
methods, see [169]. For analyzes in the context of bilinear realization
theory, see [19, 24, 48, 61, 112, 113, 114, 164, 183]. An interesting com-
bination of both approaches appears in [77]. Theorem 4.5 establishing
the minimal dimension of a linear representation is largely based on
[113], as is Theorem 4.6 relating minimal linear representations by a
change of coordinates.
Section 4.5

Theorems 4.7 and 4.8 concerning the rationality of the shuffle prod-
uct appear in [69]. The proof given for Theorem 4.7 was suggested in
[8]. The counterexample showing that the composition product is not
rational is due to Ferfera [58, 59]. The exact calculations for this exam-
ple along with other related identities appeared in [90]. Theorem 4.9
introducing the input-limited condition is also the work of Ferfera in
[58, 59], but the proof given here using Lemma 4.2 is quite different
and can be found in [90]. Example 4.14 and Problem 4.5.8 addressing
the rationality of the feedback connection both appeared in [82]. (The
rationality of the Hadamard product is due to Fliess [69].)
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